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Abstract
We construct a deformed Wess-Zumino model on the noncommutative superspace where the Bosonic
and Fermionic coordinates are no longer commutative with each other. Using the background field
method, we calculate the primary one-loop effective action based on the deformed action. By comparing
the two actions, we find that the deformed Wess-Zumino model is not renormalizable. To obtain a
renormalizable model, we combine the primary one-loop effective action with the deformed action, and
then calculate the secondary one-loop effective action based on the combined action. After repeating
this process to the third time, we finally give the one-loop renormalizable action up to the second order
of Bosonic-Fermionic noncommutative parameters by using our specific techniques of calculation.
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2
1 Introduction
There are a lot of studies that generalize the ordinary spacetime to a noncommutative (NC) space-
time and provide interesting physical models [1–3]. Because these studies rely only on a formal extension
without experiments, there are many possible choices to construct NC spacetimes. A different kind of
NC spacetimes usually gives different results that should generally not contradict with the very basic
physical principle.
As an example, we take the canonical NC spacetime defined by
[xµ, xν ] = iθµν , µ, ν = 0, · · ·, D − 1, (1)
where θµν is a real antisymmetric constant tensor. In ref. [4] it is verified that a different choice of NC
parameter θµν changes the property of the model defined on it. When θ0i = 0 the model is unitary, but
non-unitary while θ0i 6= 0. The former can be obtained from string theory while the latter can not. In
consequence, the fact that the model defined on the canonical NC spacetime with θ0i = 0 is unitary
results from the fact that string theory is unitary.
The above explanation is argued by, for instance, refs. [5, 6] where it is claimed that the breakdown
of unitarity of the model defined on the canonical NC spacetime with θ0i 6= 0 may have another origin,
i.e., a wrong method to define the field theory on the NC spacetime may be utilized. The unitarity
of the model can be restored if a different definition of field theory on the NC spacetime is given.
Nonetheless, we note that it is not a generally accepted method to modify the definition of field theory
on NC spacetimes.
Moreover, the ordinary spacetime can be extended to include Fermionic coordinates that are an-
ticommutative to each other, which gives rise to a superspace [7–9]. Therefore, one interesting gen-
eralization is a non-anticommutative (NAC) superspace [10–16]. For example, in ref. [14] the N = 1
superspace is generalized to a NAC formulation. Based on the anticommutative relations of Fermionic
coordinates, the algebraic relations of the other coordinates can be determined. Such a deformation
from the anticommutative case to the non-anticommutative case is realized by using the star(⋆)-product
associated with the NAC superspace. As a result, the Wess-Zumino model and the super Yang-Mills
theory can consistently be defined on the NAC superspace.
Ref. [14] has inspired a lot of researches on the construction of models on the NAC superspace. In
ref. [17] the renormalization property of the Wess-Zumino model on the NAC superspace is studied
and new (non)renormalization theorems are proved. In addition, two global U(1) symmetries are
found for the NAC Wess-Zumino model. In ref. [18] the NAC Wess-Zumino model is investigated by
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calculating the 1PI effective action. At the one-loop order, new terms appear, which makes the model
not renormalizable. To solve this problem, the new terms are added to the NAC Wess-Zumino action.
With these new terms, the NAC Wess-Zumino model is proved to be renormalizable up to two loops.
This work raises the problem that whether the NAC Wess-Zumino model can be renormalizable to
higher order loop expansion. To answer this question, the dimensional analysis method is applied and
the NAC Wess-Zumino model is thus proved [19] to be renormalizable to all loop orders in terms of the
component form. Furthermore, the renormalizability can be retrieved [20] in terms of the superfield
form. It should be emphasized that the key point of the proofs in refs. [19, 20] is the existence of the
two global U(1) symmetries discovered in ref. [17].
Beyond an individual NC spacetime and an individual NAC superspace, the combination of a NC
spacetime and a NAC superspace brings further interest, where the Bosonic-Fermionic noncommutative
(BFNC) superspace has been considered by the argument of string theory [21]. On the BFNC super-
space the Bosonic coordinates are no longer commutative with the Fermionic coordinates. A natural
motivation is thus to study physical consequences of the BFNC superspace for some interesting models.
To our knowledge, the properest choice is the Wess-Zumino model and the most appealing physical
consequence among the many properties related to the model is renormalizability.
In this paper we construct the deformed Wess-Zumino model on the BFNC superspace and indeed
work out its one-loop renormalizable action up to the second order of BFNC parameters. The paper is
organized as follows. In section 2 we review the N = 1 supersymmetry and the Wess-Zumino model on
the ordinary superspace in order to make this paper self-contained. In section 3 we derive the deformed
Wess-Zumino action through substituting the ordinary product by the BFNC star(⋆)-product in the
action of the (ordinary) Wess-Zumino model. For the purpose of searching a renormalizable Wess-
Zumino action on the BFNC superspace in light of the background field method, we briefly review
this method in section 4. In terms of our specific techniques of calculation, such as establishing the
supersymmetry invariant subsets and their bases, we give the one-loop renormalizable action up to
the second order of BFNC parameters in section 5. At last we present our conclusion and outlook in
section 6. Incidentally, some useful formulae and the final long results are put into Appendices A and
B.
4
2 N = 1 Supersymmetry and Wess-Zumino Model
In this section we briefly review the supersymmetry [7] and the Wess-Zumino model on the ordinary
superspace for the sake of making our discussions self-contained. We use the conventions given by Wess
and Bagger [8].
The N = 1 superspace is represented by coordinates xk, θα, and θ¯α˙, where k = 0, 1, 2, 3, and
α = 1, 2. xk is a commutative number, while θα is an anticommutative number.
In the chiral coordinates yk, θα, and θ¯α˙, where
yk ≡ xk + iσkαβ˙θαθ¯β˙, (2)
Q and D are defined by
Qα ≡ ∂
∂θα
, Q¯α˙ ≡ − ∂
∂θ¯α˙
+ 2iθβσkβα˙
∂
∂yk
,
Dα ≡ ∂
∂θα
+ 2iσkαβ˙ θ¯
β˙ ∂
∂yk
, D¯α˙ ≡ − ∂
∂θ¯α˙
. (3)
The operators Q and D satisfy the following algebraic relations,
{
Qα, Q¯β˙
}
= 2iσkαβ˙∂k, {Qα, Qβ} =
{
Q¯α˙, Q¯β˙
}
= 0,{
Dα, D¯β˙
}
= −2iσkαβ˙∂k, {Dα, Dβ} =
{
D¯α˙, D¯β˙
}
= 0,
{Dα, Qβ} =
{
Dα, Q¯β˙
}
=
{
D¯α˙, Qβ
}
=
{
D¯α˙, Q¯β˙
}
= 0, (4)
where the bracket of two operators, say O1 and O2, is defined as {O1, O2} ≡ O1O2+O2O1, and ∂k ≡ ∂∂yk .
The derivatives for anticommutative numbers take the forms,
∂
∂θα
θβ = δαβ ,
∂
∂θ¯α˙
θ¯β˙ = δα˙β˙ , (5)
where δαβ = δα˙β˙ = 1 for α = β and α˙ = β˙, and δαβ = δα˙β˙ = 0, for α 6= β and α˙ 6= β˙.
2.1 Chiral Superfield
The chiral superfield Φ and the antichiral superfields Φ+ satisfy the following conditions, respectively,
D¯α˙Φ = 0, DαΦ
+ = 0. (6)
Here the chiral and antichiral superfields are defined by
Φ ≡ Φ(y, θ), Φ+ ≡ Φ+(y, θ, θ¯), (7)
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which can be expressed by component fields as follows,
Φ(y, θ) = A(y) +
√
2θαψα(y) + θ
αθαF (y),
Φ+(y, θ, θ¯) = A∗(y) +
√
2θ¯α˙ψ¯
α˙(y) + θ¯α˙θ¯
α˙F ∗(y)− 2iσkαβ˙θαθ¯β˙∂kA∗(y)
+i
√
2σkαβ˙θ
αθ¯ζ˙ θ¯
ζ˙∂kψ¯
β˙(y) + ηklθαθαθ¯β˙ θ¯
β˙∂k∂lA
∗(y), (8)
where A(y) and F (y) are scalar fields, ψα(y) and ψ¯
α˙(y) are spinor fields.
Spinor indices are raised and lowered by using the antisymmetric symbols ǫαβ and ǫαβ , respectively,
ψα ≡ ǫαβψβ , ψα ≡ ǫαβψβ , (9)
where the antisymmetric symbols satisfy the relation: ǫαβǫ
βγ = δαγ .
In the following context, the abbreviations
θ2 ≡ θαθα, θ¯2 ≡ θ¯α˙θ¯α˙ (10)
are used.
2.2 Supersymmetry Transformation
The supersymmetry transformation of the superfield F is defined as
δξF ≡
(
ξαQα − ξ¯β˙Q¯β˙
)
F , (11)
where ξα and ξ¯β˙ are spinor parameters.
Applying the above transformation rule to the chiral superfield, one can obtain the transformations
of component fields,
δξA =
√
2ξαψα,
δξψα =
√
2ξαF + i
√
2σkαβ˙ ξ¯
β˙∂kA,
δξF = i
√
2σkαβ˙ ξ¯
β˙∂kψ
α. (12)
Note that in eq. (11) both the superfield F and the operator Q are expressed in the chiral coordinates
y, θ, and θ¯ (see eqs. (2) and (3)).
2.3 Wess-Zumino Model
The action of the Wess-Zumino model is
SWZ =
∫
d4x
{
Φ+Φ|θ2θ¯2 +
m
2
ΦΦ|θ2 + g
3
ΦΦΦ|θ2 + m
2
Φ+Φ+|θ¯2 +
g
3
Φ+Φ+Φ+|θ¯2
}
, (13)
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where Φ and Φ+ are given by eq. (8), Φ+Φ|θ2θ¯2 denotes the θ2θ¯2 component of Φ+Φ, and the other
terms have the similar meaning.
The Wess-Zumino action eq. (13) can be transformed to a total superspace integral,
SWZ =
∫
d8z
{
Φ+Φ− m
8
Φ
(
D2

Φ
)
− m
8
Φ+
(
D¯2

Φ+
)
− g
12
ΦΦ
(
D2

Φ
)
− g
12
Φ+Φ+
(
D¯2

Φ+
)}
, (14)
where d8z ≡ d4xd2θd2θ¯, D2 = ǫαβDβDα, and D¯2 = ǫα˙β˙D¯α˙D¯β˙.
3 Deformed Action from BFNC ⋆-Product
In this section we at first give the ⋆-product of the BFNC superspace and its corresponding algebraic
relations of coordinates, and then define the deformed Wess-Zumino model in the component form on
the Euclidean BFNC superspace. For calculating effective actions in section 5 we further transform
the deformed model into its superfield form. In the following the Lorentz signatures are still used as
pointed out by Seiberg [14].
3.1 BFNC ⋆-Product
The BFNC ⋆-product can be expressed in terms of the tensor algebraic notation which is frequently
used in quantum group theory [22],
F ⋆G ≡ µ
{
exp
[
i
2
Λkα
(
∂
∂yk
⊗ ∂
∂θα
− ∂
∂θα
⊗ ∂
∂yk
)]
⊲ (F⊗G)
}
, (15)
where Λkα denotes a BFNC parameter, k = 0, 1, 2, 3, and α = 1, 2, which implies that there are eight
independent BFNC parameter components in total.
For the notation in eq. (15), the tensor product is defined as
(A⊗B)(C ⊗D) = (−1)|B||C|AC ⊗ BD, (16)
where |B| is the grade of B that equals 1 for a Bosonic element and −1 for a Fermionic one. The
symbol ⊲ represents an action of an operator on a function, and µ denotes the change from the tensor
product ⊗ to an ordinary product, and F and G stand for any superfields.
The Taylor expansion of eq. (15) takes the form,
F ⋆G = FG− i
2
Λkα (∂αF) (∂kG) + (−1)|F| i
2
Λkα (∂kF) (∂αG)
7
+
1
8
ΛkαΛlβ (∂k∂lF) (∂α∂βG) +
1
8
ΛkαΛlβ (∂α∂βF) (∂k∂lG)
+(−1)|F|1
4
ΛkαΛlβ (∂β∂kF) (∂α∂lG)
− i
16
ΛkαΛlβΛmζ (∂α∂l∂mF) (∂β∂ζ∂kG)
+(−1)|F| i
16
ΛkαΛlβΛmζ (∂α∂β∂mF) (∂ζ∂k∂lG)
− 1
64
ΛkαΛlβΛmζΛnι (∂α∂ζ∂l∂nF) (∂β∂ι∂k∂mG) , (17)
where ∂k ≡ ∂∂yk , and ∂α ≡ ∂∂θα .
As a simple application of the ⋆-product eq.(17), we calculate some ⋆-algebraic relations of coordi-
nates,
{
yk, θα
}
⋆
= iΛkα,
[
xk, yl
]
⋆
= −σkαβ˙Λlαθ¯β˙,
[
xk, θα
]
⋆
= iΛkα,[
xk, xl
]
⋆
= σlαβ˙Λ
kαθ¯β˙ − σkαβ˙Λlαθ¯β˙, (18)
where the algebraic relations in eq. (4) are not modified.
3.2 Deformed Wess-Zumino Model
To analyze the effect of the BFNC superspace on the Wess-Zumino model, we replace the ordinary
product in eq. (13) by the ⋆-product defined by eq. (15) and give the deformed action,
SNC ≡
∫
d4x
{
Φ+ ⋆ Φ|θ2θ¯2 +
m
2
Φ ⋆ Φ|θ2 + g
3
Φ ⋆ Φ ⋆ Φ|θ2 + m
2
Φ+ ⋆ Φ+|θ¯2 +
g
3
Φ+ ⋆ Φ+ ⋆ Φ+|θ¯2
}
, (19)
where the chiral superfield Φ and the antichiral superfield Φ+ are given in the chiral coordinates as in
eq. (8).
To obtain the explicit form of the deformed Wess-Zumino action, we calculate the ⋆-product of the
chiral and antichirl superfields,∫
d4x Φ+ ⋆ Φ|θ2θ¯2 =
∫
d4x
{
−iσkαβ˙ψα∂kψ¯β˙ + AA∗ + FF ∗
}
,∫
d4x Φ ⋆ Φ|θ2 =
∫
d4x {2AF − ψαψα} ,∫
d4x Φ+ ⋆ Φ+|θ¯2 =
∫
d4x
{−ψ¯α˙ψ¯α˙ + 2A∗F ∗} ,∫
d4x Φ ⋆ Φ ⋆ Φ|θ2 =
∫
d4x
{
−3ψαψαA+ 3AAF − 3
4
Λkl∂k∂lAFF
+
3
2
ΛkαΛlβ∂kψβ∂lψαF +
1
16
ΛklΛnoF∂k∂lF∂n∂oF
}
,
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∫
d4x Φ+ ⋆ Φ+ ⋆ Φ+|θ¯2 =
∫
d4x
{
−3ψ¯α˙ψ¯α˙A∗ + 3A∗A∗F ∗ − 1
2
ΛklA∗A∗∂k∂lA
∗
+
1
2
ηklΛnoA∗∂k∂nA
∗∂l∂oA
∗
+
(
σkl
)β
α
ΛnαΛoβA
∗∂k∂nA
∗∂l∂oA
∗
}
, (20)
where Λkl ≡ ǫαβΛkβΛlα that is the product of two BFNC parameters, and the various identities given
in eq. (A1) have been used.
Now we make the transformation for the deformed action from its component form eq. (20) to the
desired superfield form. This performance is necessary for us to compute effective actions in section 5.
The component fields can be transformed to the chiral and antichiral superfields as follows,
A = Φ|, ψα = 1√
2
DαΦ|, F = −1
4
(
D2Φ
) |,
A∗ = Φ+|, ψ¯α˙ = 1√
2
D¯α˙Φ
+|, F ∗ = −1
4
(
D¯2Φ+
) |, (21)
where the symbol | represents setting all θα and θ¯α˙ be zero.
The deformed action SNC is the sum of the ordinary part SWZ (the terms in the first two lines, also
see eq. (14)) and the noncommutative part SΛ (the remaining terms),
SNC =
∫
d8z
{
Φ+Φ− m
8
Φ
(
D2

Φ
)
− m
8
Φ+
(
D¯2

Φ+
)
− g
12
ΦΦ
(
D2

Φ
)
− g
12
Φ+Φ+
(
D¯2

Φ+
)
+
1
3072
(−g)ΛklΛnoθ4 (D2Φ) ∂l∂k (D2Φ) ∂o∂n (D2Φ)
+
1
32
(−g)Λklθ4Φ (D2Φ) ∂l∂k (D2Φ)
+
1
32
(−g)Λklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+
1
6
(−g)Λklθ4Φ+Φ+∂k∂lΦ+
+
1
3
(−g) (σΛΛkl)no θ4Φ+∂k∂nΦ+∂l∂oΦ+
+
1
6
gηklΛnoθ4Φ+∂k∂nΦ
+∂l∂oΦ
+
+
1
16
(−g)ǫαβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
+
1
16
(−g)ǫαβǫζιΛkβΛlιθ4∂k (DαΦ) ∂l (DζΦ)
(
D2Φ
)}
, (22)
where the symbol θ4 has been introduced in order to express the above equation concisely,
θ4 ≡ θ2θ¯2, (23)
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and the meanings of θ2 and θ¯2 are provided in eq. (10).
Note that SNC (eq. (22)) contains the second and fourth orders of contributions of the BFNC
parameters Λkα’s. In addition, it is invariant under the 1/2 supersymmetry transformation defined by
δξΦ ≡ ξαQαΦ, δξΦ+ ≡ ξαQαΦ+. (24)
At the end of this section, we discuss how to understand nilpotent parameters.
The general NC parameters on the canonical NC spacetime [1], on the NAC superspace [12–15], and
on the BFNC superspace [21] correspond to constant Neveu-Schwarz B fields, graviphoton fields, and
gravitino fields, respectively. These fields are solutions of EOM in string theory. The NC parameters on
the canonical NC spacetime and the NAC parameters on the NAC superspace are ordinary numbers,
while the BFNC parameters on the BFNC superspace are Grassmann numbers that are nilpotent. The
general NC parameters will enter into the expressions of physical quantities, such as probabilities of
various quantum scattering processes, cross-sections, and so on. How to interpret nilpotent parameters
in physical quantities is the key question that we must answer in order to extend models to the BFNC
superspace. Grassmann BFNC parameters determine the associativity of star product, and play an
important role in the renormalizability of the deformed model [23]. If Grassmann parameters are
introduced, the only way to cancel them is to do Berezin integration [24].
On the canonical NC spacetime (NAC superspace), the NC (NAC) parameters related to B fields
(graviphoton fields) are normally regarded as constants. However, as all the constant background fields
are solutions of EOM in string theory, B fields (graviphoton fields) can take all allowed constant values.
In other words, one can define a probability distribution function for the NC (NAC) parameters related
to B fields (graviphoton fields), then take into account the effect of the probability distribution function
on physical quantities. If the structure of spacetime (superspace) at a small scale is determined by string
theory, the dynamics of string will give the explicit form of the probability distribution function.
The above analysis provides us a clue on how to solve the problem of nilpotent parameters on
the BFNC superspace. Following the canonical NC spacetime and NAC superspace, we can introduce
the probability distribution function ρ(Λ) for BFNC parameters Λkα, which is the generalization of
probability distribution function of ordinary numbers.
We denote a general physical quantity related to BFNC parameters Λkα as P (Λ). In order to take
into account the effect of the probability distribution function ρ(Λ) on P (Λ), we define the average
value of physical quantity P (Λ) by ∫
d8Λ ρ(Λ) P (Λ), (25)
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where d8Λ stands for the volume element of 8 components of Λkα, k = 0, 1, 2, 3, α = 1, 2.
We can postulate a general form of ρ(Λ) in terms of the power expansion of Λkα,
ρ(Λ) = A +Bkl
αβΛkαΛ
l
β + · · ·, (26)
where “· · ·” represents higher order terms. Note that eq. (26) is only needed to be expanded to the
eighth order since there are 8 different nilpotent BFNC parameters Λkα in total. Moreover, only even
powers of Λkα in eq. (26) appear, so the coefficients A, Bkl
αβ , etc. are ordinary numbers. The reason
is obvious. Because only even powers of the BFNC parameters Λkα exist in the deformed action, see
eq. (22), P (Λ) can only contain the terms with even powers of parameters Λkα. As a result, the terms
with odd powers of Λkα in ρ(Λ) have no contributions to the integration in eq. (25).
After integration in eq. (25), the average value of physical quantity P (Λ) will only contain ordinary
numbers.
The integration of probability distribution function ρ(Λ) corresponds to the total probability and is
normalized to be unit, ∫
d8Λ ρ(Λ) = 1, (27)
which imposes constraints upon the coefficients of eighth order terms in the expansion eq. (26).
If it is assumed that the physical quantity P (Λ) has a proper limit when Λkα approaches to zero,
then P (Λ) can be separated into two parts,
P (Λ) = P0 + P1(Λ), (28)
where P0 does not contain Λ
k
α and corresponds to the expression of physical quantities for the un-
deformed part of our model, and P1(Λ) contains factors of even powers of Λ
k
α and corresponds to
noncommutative corrections. Therefore, eq. (25) can be rewritten as∫
d8Λ ρ (Λ) (P0 + P1 (Λ)) = P0 +
∫
d8Λ ρ (Λ)P1 (Λ) , (29)
which only contains ordinary numbers as stated above. As a result, our analysis gives a consistent
interpretation of nilpotent parameters.
4 Background Field Method
In this section we give a brief review on the background field method [9, 25]. The purpose is to
prepare some necessary formulae, such as the matrices M , M−1, and V , for deriving effective actions
related to the deformed Wess-Zumino action SNC (eq. (22)) on the BFNC superspace in section 5.
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4.1 General Procedure
We split the chiral and antichiral superfields into the classical and quantum parts,
Φ→ Φ + Φq, Φ+ → Φ+ + Φ+q , (30)
where the quantum parts of the chiral and antichiral superfields satisfy the constraints: D¯α˙Φq =
DαΦ
+
q = 0.
To integrate out the quantum parts we represent them by the general superfields Σ and Σ+, respec-
tively,
Φq = −1
4
D¯2Σ, Φ+q = −
1
4
D2Σ+. (31)
Then the quantum fields Σ and Σ+ can be treated as free fields.
Because of the introduction of the covariant derivative in eq. (31) and the nilpotency of operators
D and D¯, we have the new gauge symmetry,
Σ→ Σ + D¯α˙Λ¯α˙, Σ+ → Σ+ +DαΛα, (32)
and thus need to add the gauge fixing action SGF,
SGF =
∫
d8z
{
− 3
16
ξǫα˙β˙
(
D¯α˙Σ
+
) (
D¯β˙D
2Σ
) − 1
4
ξǫαβǫζ˙ ι˙
(
D¯ζ˙Σ
+
) (
DβD¯ι˙DαΣ
)}
, (33)
in order to eliminate the degree of freedom in eq. (32), where ξ is a gauge fixing parameter.
Replacing the chiral and antichiral superfields in the deformed Wess-Zumino action SNC (eq. (22))
by eq. (30) and keeping only the quadratic part of the quantum fields in the combined action SNC+SGF,
we have
S(2) = 1
2
∫
d8z
(
Σ Σ+
)
(M + V )

 Σ
Σ+

 , (34)
where the matrices M and V correspond to the kinetic and interacting parts of the action SNC + SGF.
After abstracting the free part in the action S(2) and making the Taylor expansion, we obtain the
one-loop n-point effective action Γ(n) from the following formula,
Γ =
i
2
STr ln
(
1 +M−1V
)
=
i
2
∞∑
n=1
STr
[
(−1)n+1
n
(
M−1V
)n] ≡ ∞∑
n=1
Γ(n). (35)
4.2 Calculation of M and V
Each term in S(2) can be represented in a general form,∫
d8z (∂1X)Z (∂2Y ) , (36)
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where ∂1 and ∂2 stand for any products of the following operators,
∂k, Dα, D¯α˙, 
−1, (37)
and X and Y denote Σ or Σ+, Z can be the identity operator, θ4, or a function of chiral and antichiral
superfields Φ and Φ+.
To obtain M + V , we find the following rules for each term in S(2),
• Each ∫ d8z (∂1Σ)Z (∂2Σ) contributes (∂1TZ∂2 + (∂1TZ∂2) T ) to (M + V )1,1,
• Each ∫ d8z (∂1Σ)Z (∂2Σ+) contributes ∂1TZ∂2 to (M + V )1,2, and (∂1TZ∂2) T to (M + V )2,1,
• Each ∫ d8z (∂1Σ+)Z (∂2Σ+) contributes (∂1TZ∂2 + (∂1TZ∂2) T ) to (M + V )2,2,
where (M + V )i,j is the (i, j) component of matrix M + V . With these rules we can ensure that the
matrices M and V are symmetric, that is, they satisfy M = MT and V = V T .
For any operators A and B, the transposition of their product is defined by
(AB)T ≡ (−1)|A‖B|BTAT , (38)
and the action of T on operators is defined as follows:
∂k
T ≡ −∂k, T ≡ ,
(
1

)T
≡ 1

,
∂α
T ≡ −∂α, ∂¯α˙T ≡ −∂α˙,
Dα
T ≡ −Dα, D¯α˙T ≡ −D¯α˙,(
D2
)T ≡ D2, (D¯2)T ≡ D¯2. (39)
In accordance with the above considerations, we can easily obtain M and V from M + V , where M
does not include Φ and Φ+, but V contains them. The results are given as follows,
M1,1 = −1
4
mD¯2,
M1,2 =
1
16
D¯2D2 +
3
16
ξD2D¯2 +
1
4
ξǫαβǫζ˙ ι˙DαD¯ι˙DβD¯ζ˙ ,
M2,1 =
3
16
ξD¯2D2 +
1
16
D2D¯2 +
1
4
ξǫαβǫζ˙ ι˙D¯ζ˙DβD¯ι˙Dα,
M2,2 = −1
4
mD2, (40)
and
V1,2 = 0, V2,1 = 0,
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V1,1 =
1
2
(−g)ΦD¯2 + 1
512
(−g)D¯2D2θ4 (D2Φ) pΛ2D¯2 + 1
512
(−g)pΛ2D¯2θ4 (D2Φ)D2D¯2
+
1
128
(−g)ǫαβǫζιpΛβD¯2Dιθ4
(
D2Φ
)
pΛζDαD¯
2 +
1
8192
(−g)D¯2D2θ4 (pΛ2 (D2Φ)) pΛ2D2D¯2
+
1
128
(−g)ǫαβǫζιD¯2D2θ4 (pΛβ (DιΦ)) pΛζDαD¯2 + 1512(−g)D¯2D2θ4 (pΛ2Φ)D2D¯2
+
1
128
(−g)ǫαβǫζιpΛβD¯2Dιθ4
(
pΛζ (DαΦ)
)
D2D¯2,
V2,2 =
1
2
(−g)Φ+D2 + 1
96
(−g)D2θ4 (Φ+) pΛ2D2 + 1
96
(−g)pΛ2D2θ4 (Φ+)D2
+
1
96
(−g)D2θ4Φ+pΛ2D2 + 1
96
(−g)pΛ2D2θ4Φ+D2 + 1
96
(−g)D2θ4 (pΛ2Φ+)D2
+
1
48
(−g)ǫαβD2θ4
(
pσ
βζ˙
(
pΛιΦ
+
))
pσζ˙ιpΛαD
2 +
1
48
(−g)ǫαβpσ
βζ˙
pΛιD
2θ4Φ+pσζ˙ιpΛαD
2
+
1
96
(−g)D2θ4 (pΛ2Φ+)D2 + 1
48
(−g)ǫαβpσβζ˙pΛιD2θ4
(
pσζ˙ι
(
pΛαΦ
+
))
D2, (41)
where the following new symbols have been introduced in order to express matrix V concisely,
pσαβ˙ ≡ σkαβ˙∂k, pσα˙β ≡
(
σ¯k
)α˙β
∂k,
pΛα ≡ Λkα∂k, pΛα ≡ Λkα∂k,
pΛ2 ≡ pΛαpΛα. (42)
4.3 Calculation of M−1
We at first briefly review the general procedure to calculate M−1 [8]. For a general 2× 2 matrix X
that can be written as
X = aP1 + dP2 + bP+ + cP− + ePT , (43)
where a, b, c, d, and e are 2×2 coefficient matrices, and P1, P2, P+, P−, and PT are related to derivatives
of the chiral coordinates and defined by
P1 ≡ 1
16

−1D2D¯2, P2 ≡ 1
16

−1D¯2D2,
P+ ≡ 1
4

− 1
2D2, P− ≡ 1
4

− 1
2 D¯2,
PT ≡ −1
8
ǫαβ−1DβD¯
2Dα, (44)
one has the inverse of X ,
X−1 =
(
a− bd−1c)−1 P1 + (d− ca−1b)−1 P2 − a−1b (d− ca−1b)−1 P+
−d−1c (a− bd−1c)−1 P− + e−1PT , (45)
if a, d, and e are invertible.
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Now we turn to our case and at first transform M (eq. (40)) to the following form,
M =

 −m 12P− ξP1 +P2 + ξPT
P1 + ξP2 + ξPT −m 12P+

 , (46)
where we have used the equalities
ǫαγǫβ˙ζ˙DαD¯β˙DγD¯ζ˙ =
1
2
D2D¯2 − 1
2
ǫαβDαD¯
2Dβ,
ǫβζǫα˙γ˙D¯α˙DβD¯γ˙Dζ =
1
2
D¯2D2 − 1
2
ǫαβDαD¯
2Dβ. (47)
Next, by applying eq. (45) to eq. (46) we thus work out the inverse of M ,
(
M−1
)
1,1 =
1
4
m
−m2
−1D2,(
M−1
)
1,2 =
1
16ξ

−2D¯2D2 +
1
16
1
−m2
−1D2D¯2 − 1
8ξ
ǫαβ−2DβD¯
2Dα,(
M−1
)
2,1 =
1
16
1
−m2
−1D¯2D2 +
1
16ξ

−2D2D¯2 − 1
8ξ
ǫαβ−2DβD¯
2Dα,(
M−1
)
2,2 =
1
4
m
−m2
−1D¯2. (48)
5 Main Result
5.1 General Procedure for Calculating Supertrace
We give the general procedure to compute STr. The n-point function corresponds to
i(−1)n+1
2n
STr
(
M−1V
)n
, (49)
where STr is the supertrace. The whole process can be divided into two parts, the first is to calculate
the trace for the spinor coordinate θ4 = θ2θ¯2, and the second part is to calculate the trace for the
Bosonic coordinate xk.
Besides the BFNC parameter factors, we can see from eqs. (48) and (41) that the general form of
the terms in M−1V is
DA∂C 1
−m2
(

−1
)s
θ4FB∂C′DA′, (50)
where s = 0 in some terms which means −1 does not appear, or s = 1 in some terms which means

−1 appears. We explain the meanings of the symbols in eq. (50) as follows.
DA and DA′ stand for any elements of set D,
D = {Dα, D¯β˙, D2, D¯2, DαD¯β˙, D2D¯β˙, DαD¯2, D2D¯2} . (51)
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To obtain the set D, we have taken into account the D algebraic relations eq. (A2) and move every Dα
to the left side of D¯β˙.
∂C and ∂C′ denote any elements of set ∂,
∂ = {∂k, ∂k∂l, ∂k∂l∂m, · · ·} . (52)
FB is any element of set F ,
F = {((∂)nΦ) , ((∂)nDαΦ) , ((∂)nD2Φ) , ((∂)nΦ+) , ((∂)nD¯α˙Φ+) ((∂)nD¯2Φ+)} , (53)
where (∂)n implies the product of n ∂k’s,
(∂)n = ∂k1∂k2 · · ·∂kn , (54)
and n is a non-negative integer. To obtain F , we have used the D algebraic relations eq. (A2) and the
chiral and antichiral conditions eq. (6).
From eq. (50), we can determine the general form of eq. (49),
STr


(
DA1∂C1
1
−m2
(

−1
)s1 θ4FB1∂C′1DA′1
)
· · ·
(
DAn∂Cn
1
−m2
(

−1
)sn
θ4FBn∂C′nDA′n
)
︸ ︷︷ ︸
n terms

 , (55)
where DAi and DA′i stand for any elements of set D, FBi means any element of set F , ∂Ci and ∂C′i
denote any elements of set ∂, and si takes the value of 0 or 1, i = 1, 2, · · · , n.
We use the following procedure to show how to calculate eq. (55), for simplicity, but without the
loss of generality, we take n = 2 as a sample.
Step 1: By using the symmetry of supertrace STr,
STr{XY} = (−1)|X‖Y|STr{YX}, (56)
where X and Y are any operators, we move ∂C′
2
DA′
2
to the front of DA1∂C1 in eq. (55) with our choice
of n = 2, and then transform this supertrace to the following form,
(−1)|X‖Y|STr
{
∂C′
2
DA′
2
(
DA1∂C1
1
−m2
(

−1
)s1 θ4FB1∂C′1DA′1
)
DA2∂C2
1
−m2
(

−1
)s2 θ4FB2} ,
(57)
where Y = ∂C′
2
DA′
2
and X represents the whole factor after ∂C′
2
DA′
2
in eq. (57).
Step 2: We define the Leibniz rule as
OG = (OG) + (−1)|O‖G |GO, (58)
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where O is an element of set {∂k, Dα, D¯α˙}, G denotes an element of set F , or θ4, or (DAθ4), and (OG)
stands for O acting on G.
By using the Leibniz rule (eq. (58)) and considering the fact that D commutes with ∂k, we move all
D operators to the front of θ4FB2. At the same time, by using the D algebraic relations eq. (A2), we
can simplify the covariant derivatives to the forms as the elements in set D (eq. (51)). Thus, eq. (57)
changes to be
STr
{
∂C′
2
∂C1
1
−m2
(

−1
)s1 (DA′′
1
θ4
)FB′
1
∂C′
1
∂C2
1
−m2
(

−1
)s2 DA′′
2
θ4FB2
}
, (59)
where FB′
1
is also an element of set F , and DA′′
1
and DA′′
2
are also elements of set D. Note that FB′
1
,
DA′′
1
, and DA′′
2
can be determined in terms of the D algebraic relations eq. (A2) and the factor
(DA′′
1
θ4
)
appears in eq. (59).
Step 3: The non-vanishing contribution of eq. (59) requires DA′′
1
= D2D¯2. Therefore, eq. (59) reads
STr
{
∂C′
2
∂C1
1
−m2
(

−1
)s1 FB′
1
∂C′
1
∂C2
1
−m2
(

−1
)s2 DA′′
2
θ4FB2
}
. (60)
Step 4: When we calculate the supertrace of the Fermionic coordinates of eq. (60), its non-vanishing
contribution requires DA′′
2
= D2D¯2. Thus, eq. (60) reduces to
Tr
{
∂C′
2
∂C1
1
−m2
(

−1
)s1 FB′
1
∂C′
1
∂C2
1
−m2
(

−1
)s2 θ4FB2
}
, (61)
where no covariant derivatives D exist in eq. (61).
We make a comment to eq. (61) that there must be one θ4 left in each term containing noncom-
mutative parameters. The following explanation is also valid to the case of a higher (than second)
order of noncommutative parameters. Because each term of the deformed part of the Wess-Zumino
action contains one θ4, there is at least one θ4 in each term associated with noncommutative parameters
after expanding STr[(M−1V )n]. For such a term, by using the symmetry of STr, we move one θ4 and
the superfield behind it to the rightmost end of the term. By using Leibniz rules, we move all of the
covariant derivatives D’s and D¯’s in front of the above mentioned θ4. We also use D algebraic relations
to simplify the products of covariant derivatives. When we evaluate the supertrace STr, only terms
with two D’s and two D¯’s are non-vanishing. All of the θ4’s except the rightmost one are deleted by
D2D¯2’s, at the end there is only one θ4 left in each term containing noncommutative parameters.
Step 5: Finally, we compute the momentum integral in eq. (61) by using the dimensional regular-
ization method, and adopt the minimal subtraction scheme where only divergent parts remain.
The effective actions we obtain are given in Appendix B with our specific method of classification
called the 1/2 supersymmetry invariant subsets and bases. For the details of the subsets and bases, see
subsections 5.8, 5.9, and 5.10.
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5.2 Checking of 1/2 Supersymmetry Invariance
We provide in this subsection the method to check the 1/2 supersymmetry invariance of effective
actions.
Besides the BFNC parameter factors, the general form of effective actions reads
A =
∫
d8z θ4 {FAFB · · ·}, (62)
where FA and FB are superfields and elements of set F (see eq. (53)), and {FAFB · · ·} represents a
product of any number of elements in F . The supersymmetry transformation obeys the Leibniz rule.
We now investigate the supersymmetry transformation of an effective action in which there are two
superfields,
δξA =
∫
d8z θ4 {(δξFA)FB + FA (δξFB)} . (63)
For example, if we choose FA = ((∂)nDαΦ), we have δξFA = ((∂)nDαδξΦ). Considering the trans-
formation of superfield Φ, δξΦ = ξ
βQβΦ, where ξ
β is a constant with spinor indices, we then obtain
δξFA =
(
(∂)nDαξ
βQβΦ
)
. By using the algebraic relation, {Dα, Qβ} = 0, and taking into account the
fact that ξβ is a constant, we move Qβ to the front of Dα and write δξFA as follows,
δξFA =
(
ξβ(∂)nQβDαΦ
)
. (64)
Using the identity that Qβ is equal to Dβ under the superspace integral
∫
d8z θ4,∫
d8z θ4
{(
ξβ(∂)nQβDαΦ
)FB} = ∫ d8z θ4 {(ξβ(∂)nDβDαΦ)FB} , (65)
we thus transform covariant derivatives to the simplest form by using the D algebraic relations. At the
end we transform δξA to the general form of effective actions (see eq. (62)). If the contributions from
the two terms in eq. (63) cancel each other, A is invariant under the 1/2 supersymmetry transformation.
In this way, we have checked the effective actions (see our very long final result in Appendix B) and
confirmed that our effective actions possess the 1/2 supersymmetry invariance.
5.3 New Notations for Presenting Effective Actions
We define the new symbols for presenting effective actions in a concise form,
Λkl ≡ ǫαβΛkβΛlα,
Λ2 ≡ ηklΛkl,
σΛΛ ≡ ηknηlo
(
σkl
)αβ
ΛnαΛ
o
β,
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(
σΛkl
)nα ≡ (σkl)βα Λnβ,(
ησΛk
)α ≡ ηln (σnk)βα Λlβ,(
ησΛΛk
)l ≡ ηno (σok)αβ ΛnαΛlβ,(
σΛΛkl
)no ≡ (σkl)αβ ΛnαΛoβ. (66)
In addition, we hide the superscripts and/or subscripts of Bosonic derivatives, but only show the
number of their product, for example, ∂k∂l is written as ∂∂, and also hide the subscripts of Fermionic
derivatives, such as D and D¯ denoting Dα and D¯β˙, respectively. In particular, for all terms in effective
actions we pick out different BFNC parameter factors as one class and different operator factors as the
other class, which gives the reader an explicit outline of effective actions. That is, any term in effective
actions consists of the product of one class of BFNC parameter factors and one class of operator factors,
and all the possible combinations of different BFNC parameter factors and different operator factors
give an effective action. For the details, the reader can confer Appendix B.
As an example, considering the above notations we present SNC (eq. (22)) by separating it into order
of Λ2 and order of Λ4 as follows. Note that
∫
d8z θ4 is omitted.
5.3.1 Order of Λ2
• There exist five different BFNC parameter factors,
Λkl,
(
σΛΛkl
)no
, ηklΛno, ǫαβΛkl, ǫαβǫζιΛkβΛ
l
ι. (67)
• There exist three different operator factors,
∂∂Φ
(
D2Φ
) (
D2Φ
)
, ∂∂(DΦ)(DΦ)
(
D2Φ
)
, ∂∂∂∂Φ+Φ+Φ+, (68)
where the product of several ∂’s in the front means it has actions to all the superfields behind it.
5.3.2 Order of Λ4
• There exists only one BFNC parameter factor,
ΛklΛno. (69)
• There exists only one operator factor,
∂∂∂∂
(
D2Φ
) (
D2Φ
) (
D2Φ
)
. (70)
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5.4 Formulation and Classification of Γ1st
As the first step of searching the renormalizable Wess-Zumino model on the BFNC superspace, we
calculate the effective action of SNC by using the background field method introduced in section 4, and
denote it as Γ1st. Incidentally, the order of Λ
0 corresponds to the effective action of the Wess-Zumino
model on the ordinary superspace and it does not need to be considered. In the following we give Γ1st
in terms of the new notations and the method of classification proposed in subsection 5.3 in order to
present the primary effective action in a concise form. We note that in some order of Λ a certain point
function does not appear, which means it has no contribution to Γ1st. For instance, at the order of Λ
2
(see below) the 5- and 6-point functions do not appear, which implies that they have no contributions
to Γ1st. As mentioned in subsection 5.2, we verify that Γ1st is invariant under the 1/2 supersymmetry
transformation, and we see explicitly that Γ1st cannot be absorbed by SNC (eq. (22)) because Γ1st
contains many extra terms that do not exist in SNC. Note that we remove the divergent coefficient 1ǫ
from Γ1st and still use Γ1st to denote the primary effective action.
5.4.1 Order of Λ2
• There exist fourteen different BFNC parameter factors,
(
ησΛΛk
)l
, Λ2, Λkl, ǫαβ
(
ησΛΛk
)l
, ǫαβΛkl,
Λ2ηkl, Λ2ǫαβ , Λ2ǫα˙β˙, Λ2
(
σ¯k
)α˙β
, Λ2ηklǫαβ,
Λklηln (σ¯
n)α˙β , ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
, ǫαβǫζιΛkβΛ
l
ι, ǫ
αβηkl
(
σΛln
)oζ
Λkβ . (71)
• There exist three different operator factors,
1. The 2-point function contains four different forms,
∂∂Φ
(
D2Φ
)
, ∂∂(DΦ)(DΦ), ∂∂
(
D2Φ
)
Φ+, ∂∂∂∂
(
D2Φ
)
Φ+; (72)
2. The 3-point function contains five different forms,
(
D2Φ
) (
D2Φ
) (
D¯2Φ+
)
, ∂(DΦ)
(
D2Φ
) (
D¯Φ+
)
, ∂∂Φ
(
D2Φ
)
Φ+,
∂∂(DΦ)(DΦ)Φ+, ∂∂
(
D2Φ
)
Φ+Φ+; (73)
3. The 4-point function contains five different forms,
(
D2Φ
) (
D2Φ
) (
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
) (
D2Φ
)
Φ+
(
D¯2Φ+
)
,
∂(DΦ)
(
D2Φ
)
Φ+
(
D¯Φ+
)
, ∂∂Φ
(
D2Φ
)
Φ+Φ+, ∂∂(DΦ)(DΦ)Φ+Φ+. (74)
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5.4.2 Order of Λ4
• There exist seven different BFNC parameter factors,
Λ2Λkl, Λ2
(
σΛΛkl
)no
, Λkl (ησΛΛn)o , ΛklΛno, Λ2ηklΛno,
Λ2ǫαβΛkl, Λklηln (σΛΛ
no)pq . (75)
• There exist five different operator factors,
1. The 2-point function contains two different forms,
∂∂
(
D2Φ
) (
D2Φ
)
, ∂∂∂∂
(
D2Φ
) (
D2Φ
)
; (76)
2. The 3-point function contains four different forms,
∂∂Φ
(
D2Φ
) (
D2Φ
)
, ∂∂(DΦ)(DΦ)
(
D2Φ
)
, ∂∂
(
D2Φ
) (
D2Φ
)
Φ+,
∂∂∂∂
(
D2Φ
) (
D2Φ
)
Φ+; (77)
3. The 4-point function contains four different forms,
∂∂Φ
(
D2Φ
) (
D2Φ
)
Φ+, ∂∂(DΦ)(DΦ)
(
D2Φ
)
Φ+, ∂∂
(
D2Φ
) (
D2Φ
)
Φ+Φ+,
∂∂∂∂
(
D2Φ
) (
D2Φ
)
Φ+Φ+; (78)
4. The 5-point function contains three different forms,
∂∂Φ
(
D2Φ
) (
D2Φ
)
Φ+Φ+, ∂∂(DΦ)(DΦ)
(
D2Φ
)
Φ+Φ+,
∂∂
(
D2Φ
) (
D2Φ
)
Φ+Φ+Φ+; (79)
5. The 6-point function contains two different forms,
∂∂Φ
(
D2Φ
) (
D2Φ
)
Φ+Φ+Φ+, ∂∂(DΦ)(DΦ)
(
D2Φ
)
Φ+Φ+Φ+. (80)
5.4.3 Order of Λ6
• There exists only one BFNC parameter factor,
Λ2ΛklΛno. (81)
• There exist three different operator factors,
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1. The 4-point function contains only one form,
∂∂∂∂
(
D2Φ
) (
D2Φ
) (
D2Φ
)
Φ+; (82)
2. The 5-point function contains only one form,
∂∂∂∂
(
D2Φ
) (
D2Φ
) (
D2Φ
)
Φ+Φ+; (83)
3. The 6-point function contains only one form,
∂∂∂∂
(
D2Φ
) (
D2Φ
) (
D2Φ
)
Φ+Φ+Φ+. (84)
5.5 Restriction to Order of Λ2
Before continuing our analysis, let us temporally recall the corresponding situation for the NAC
case [18] where the effective action of the Wess-Zumino model contains only one term,∫
d8z U
(
D2Φ
)2
, U = θ2θ¯2C2, (85)
where C is the NAC parameter. In that case the renormalizable action can be obtained by adding the
effective action to the deformed Wess-Zumino model on the NAC superspace, where Feynman graphs
are used to show how the divergences are produced by the vertices of the action.
We turn to our case on the BFNC superspace, where the primary effective action Γ1st cannot be
absorbed by the deformed action (eq. (22)). In our case the number of correction terms that should be
added to SNC (eq. (22)) is very large, for instance, Γ1st contains 68 terms only at the order of Λ2. So,
it is a tremendously exciting challenge to find out the successive effective actions needed.
In general, if a model can be modified to be renormalizable, it must be renormalizable at each order
of Λ. On the BFNC superspace the possible orders of Λ are even, that is, Λ2, Λ4, Λ6, and Λ8, and
higher orders than Λ8 must be vanishing due to the Fermionic number of the BFNC parameters, where
the lowest order of approximation is Λ2. In order to obtain the basic information of the renormalization
property of the Wess-Zumino model on the BFNC superspace, we restrict our analysis only at the order
of Λ2 in the following calculations of the successive effective actions, such as Γ2nd, Γ3rd, and Γ4th.
5.6 Formulation and Classification of Γ2nd
5.6.1 Method
We start from SNC+Γ1st and calculate its effective action called the secondary effective action Γ2nd
up to the order of Λ2. The detailed procedure is as follows.
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In eq. (22), SNC is written as the sum of the ordinary part SWZ and the noncommutative part SΛ,
SNC = SWZ + SΛ. Here we define
S(1) ≡ SWZ + SΛ
(
Λ2
)
+ Γ1st
(
Λ2
)
, (86)
where SΛ (Λ2) stands for the Λ2 part of SΛ, and Γ1st (Λ2) for the Λ2 part of Γ1st. SΛ (Λ2) is given in
subsection 5.3.1 in a concise form or in eq. (22) in detail, and Γ1st (Λ
2) is also known, see subsection
5.4.1 in a concise form or Appendix B in detail. Our goal is Γ2nd (Λ
2) which is the effective action of
S(1).
In fact, the effective action contributed by the vertices of SΛ (Λ2) is just Γ1st (Λ2) which is already
known, so we only need to compute the effective action of SWZ + Γ1st (Λ2).
By following the general procedure of the background field method, we divide SWZ (eq. (14)) into
the free and interacting parts, SWZ = S0+Sint, and still use SGF (see eq. (33)) as the gauge fixing term.
As in calculating Γ1st, the matrixM corresponding to Γ2nd is still determined by S0+SGF. However,
different from the case of Γ1st, a new matrix V(1) related to the interacting part for Γ2nd is determined
by Sint +Γ1st (Λ2). In addition, we put the 2-point function of Γ1st (Λ2) into V(1) rather than into M in
order to avoid M being not invertible. With all these considerations, we can obtain Γ2nd (Λ
2).
5.6.2 Result
By comparing the BFNC parameter factors and operator ones of Γ2nd (Λ
2) with that of S(1), we find
some new forms that do not appear in S(1). We list them as follows.
• There exist thirteen different BFNC parameter factors,
σΛΛ, Λ2
(
σkl
)αβ
, σΛΛηkl, σΛΛǫαβ , σΛΛǫα˙β˙, σΛΛ
(
σ¯k
)α˙β
,
ǫαβ
(
ησΛk
)ζ
Λlβ, Λ
2ηklηno, Λklηln (σ
no)αβ , σΛΛηklǫαβ ,
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k , ǫαβηkl
(
ησΛl
)ζ
Λkβ , ǫ
αβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ι. (87)
• There exist six different operator factors,
1. The 1-point function contains only one form,
D2Φ; (88)
23
2. The 2-point function contains ten different forms,
Φ
(
D2Φ
)
, (DΦ)(DΦ),
(
D2Φ
) (
D2Φ
)
,
(
D2Φ
) (
D¯2Φ+
)
,(
D2Φ
)
Φ+, ∂(DΦ)
(
D¯Φ+
)
, ∂∂ΦΦ+, ∂∂
(
D2Φ
) (
D2Φ
)
,
∂∂Φ+Φ+, ∂∂∂∂Φ+Φ+; (89)
3. The 3-point function contains thirteen different forms,
ΦΦ
(
D2Φ
)
, Φ(DΦ)(DΦ), Φ
(
D2Φ
) (
D2Φ
)
, Φ
(
D2Φ
)
Φ+,
(DΦ)(DΦ)
(
D2Φ
)
, (DΦ)(DΦ)Φ+,
(
D2Φ
) (
D2Φ
)
Φ+,(
D2Φ
) (
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
)
Φ+
(
D¯2Φ+
)
,
(
D2Φ
)
Φ+Φ+,
∂(DΦ)Φ+
(
D¯Φ+
)
, ∂∂ΦΦ+Φ+, ∂∂Φ+Φ+Φ+; (90)
4. The 4-point function contains fourteen different forms,
ΦΦ
(
D2Φ
) (
D2Φ
)
, ΦΦ
(
D2Φ
)
Φ+, Φ(DΦ)(DΦ)
(
D2Φ
)
,
Φ(DΦ)(DΦ)Φ+, Φ
(
D2Φ
) (
D2Φ
)
Φ+, Φ
(
D2Φ
)
Φ+Φ+,
(DΦ)(DΦ)
(
D2Φ
)
Φ+, (DΦ)(DΦ)Φ+Φ+,
(
D2Φ
)
Φ+
(
D¯Φ+
) (
D¯Φ+
)
,(
D2Φ
)
Φ+Φ+
(
D¯2Φ+
)
,
(
D2Φ
)
Φ+Φ+Φ+, ∂(DΦ)Φ+Φ+
(
D¯Φ+
)
,
∂∂ΦΦ+Φ+Φ+, ∂∂Φ+Φ+Φ+Φ+; (91)
5. The 5-point function contains ten different forms,
ΦΦ
(
D2Φ
) (
D2Φ
)
Φ+, ΦΦ
(
D2Φ
)
Φ+Φ+, Φ(DΦ)(DΦ)
(
D2Φ
)
Φ+,
Φ(DΦ)(DΦ)Φ+Φ+, Φ
(
D2Φ
)
Φ+Φ+Φ+, (DΦ)(DΦ)Φ+Φ+Φ+,(
D2Φ
)
Φ+Φ+
(
D¯Φ+
) (
D¯Φ+
)
,
(
D2Φ
)
Φ+Φ+Φ+
(
D¯2Φ+
)
,
∂(DΦ)Φ+Φ+Φ+
(
D¯Φ+
)
, ∂∂ΦΦ+Φ+Φ+Φ+; (92)
6. The 6-point function contains two different forms,
ΦΦ
(
D2Φ
)
Φ+Φ+Φ+, Φ(DΦ)(DΦ)Φ+Φ+Φ+. (93)
Because of the existence of the above new forms, Γ2nd (Λ
2) cannot be absorbed by S(1), which means
S(1) is still not renormalizable. Different from ref. [18], we have to compute the third successive effective
action Γ3rd.
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5.7 Formulation and Classification of Γ3rd
5.7.1 Method
Similar to the calculation of Γ2nd (Λ
2), we define
S(2) ≡ S(1) + Γ2nd
(
Λ2
)
, (94)
and calculate the effective action of S(2). Because the effective action contributed by the vertices of
SΛ (Λ2) + Γ1st (Λ2) is already known, what we need to do is just to calculate the effective action of
SWZ + Γ2nd (Λ2).
Different from the calculation of Γ2nd (Λ
2), V(2) contains the 2-point function of Γ2nd (Λ
2), and it
is determined by Sint + Γ2nd (Λ2). Exactly following the way described in subsection 5.6.1, we get the
desired result Γ3rd (Λ
2).
5.7.2 Result
By comparing the BFNC parameter factors and operator ones of Γ3rd (Λ
2) with that of S(2), we find
the following new BFNC parameter factors that do not appear in S(2),
ηkl (ησΛΛn)o , σΛΛ(σkl)αβ, (95)
but the operator factors in Γ3rd (Λ
2) are exactly same as that in S(2). Therefore, there are still some
terms in Γ3rd (Λ
2) that cannot be absorbed by S(2). The reason is obvious because these terms are the
products of the new BFNC parameter factors and the operator factors. This implies that we have to
continue the iterative procedure in order to find the renormalizable Wess-Zumino model that possesses
the 1/2 supersymmetry invariance on the BFNC superspace. At this stage, we notice that many terms
in Γ1st (Λ
2), Γ2nd (Λ
2), and Γ3rd (Λ
2) are same, which brings us to compare the three effective actions
and to analyze their structures.
5.8 1/2 Supersymmetry Invariant Subset
Based on the Wess-Zumino action (eq. (13)) and the definition of ⋆-product (eq. (17)), SNC (eq. (22))
is invariant under the 1/2 supersymmetry transformation (see eq. (24)). By using the background field
method, we can ensure that all of the effective actions are invariant under the 1/2 supersymmetry
transformation. In SNC, the noncommutative part SΛ contains the contributions from the orders of Λ2
and Λ4, see subsections 5.3.1 and 5.3.2, and each order contribution as a close set is invariant under the
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1/2 supersymmetry transformation. In the present work, we focus on the order of Λ2 and further find
that SΛ (Λ2) can be separated into several classes, each of which as a close set contains the minimal
number of terms and is invariant under the 1/2 supersymmetry transformation. Any two classes have
no common terms. So we introduce the concept of 1/2 supersymmetry invariant subsets and name
every class as a 1/2 supersymmetry invariant subset.
The number of terms in SΛ (Λ2) is small, so it is easy to find its subsets. However, each of the
effective actions Γ1st (Λ
2), Γ2nd (Λ
2), and Γ3rd (Λ
2) contains a quite large number of terms, and thus a
systematic method is needed to find the 1/2 supersymmetry invariant subsets for each effective action.
We explain our proposal as follows by using Γ1st (Λ
2) as an example.
Step 1: After transforming Γ1st (Λ
2) to its simplest form, we still have 68 terms which are labelled
arbitrarily and denoted as Li,
Γ1st
(
Λ2
)
=
n∑
i=1
Li, (96)
where n = 68.
Step 2: We multiply Li by a constant Xi and sum them, and denote the result as A,
A =
n∑
i=1
XiLi. (97)
Step 3: Making the 1/2 supersymmetry transformation to A and simplifying δξA, we obtain that it
consists of n′ terms,
δξA =
n′∑
j=1
YjL
′
j , (98)
where L′j is different from Li. Thus we derive that Yj is a linear function of Xi’s,
Yj =
n∑
i=1
cjiXi, (99)
where cji is real. For every j, cji = 0 for some i’s, that is, those Xi’s do not appear in Yj .
For each j, j = 1, · · · , n′, we construct set Uj using the parameters Xi’s in Yj,
Uj = {Xi1 , Xi2, · · ·}, (100)
where {i1, i2, · · ·} is a subset of {1, · · · , n}. Then we obtain set W which contains n′ elements,
W = {U1, U2, · · · , Un′}. (101)
Step 4: For every pair of (j, j′), where j 6= j′, if Uj ∩ Uj′ 6= ∅, we define
Ujj′ ≡ Uj ∪ Uj′, (102)
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and remove Uj and Uj′ from W , but add Ujj′ to W .
Repeating the above process, we obtain at the end,
W ′ = {I1, I2, · · · , Im, · · ·}, (103)
where its element
Im = {Xm1 , Xm2 , · · ·} (104)
satisfies Im ∩ I ′m = ∅ when m 6= m′, and {m1, m2, · · ·} is a subset of {1, · · · , n}.
Step 5: For set Im = {Xm1 , Xm2 , · · ·}, we sum the elements of its corresponding set {Lm1 , Lm2 , · · ·},
and denote it as fm,
fm =
∑
i={m1,m2,···}
Li. (105)
Thus, fm provides one 1/2 supersymmetry invariant subset. We can deduce that there exist 17 invariant
subsets in Γ1st (Λ
2).
By using the above proposal that consists of five steps, we can separate the other three actions,
SΛ (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2), into their 1/2 supersymmetry invariant subsets whose numbers are
4, 64, and 73, respectively. By comparing the invariant subsets of the four actions, we see that some
subsets have same BFNC parameter and operator factors but different coefficients. After summing up
all of the subsets of the four actions, we finally determine that there are 74 independent subsets in
total, each of which is invariant under the 1/2 supersymmetry transformation, see Appendix B.1 for
the details where the explanation of four parameters a0, a1, a2, and a3 is provided below.
5.9 Analysis of Effective Actions by Invariant Subsets
As mentioned in the above that some terms have same BFNC parameter and operator factors but
different coefficients in the four actions SΛ (Λ2), Γ1st (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2), we present these
actions in an explicit way related to invariant subsets, that is, we show the ingredients of an invariant
subset provided by the four actions.
We construct a new action,
Γ
(
Λ2
)
= a0 SΛ
(
Λ2
)
+ a1 Γ1st
(
Λ2
)
+ a2 Γ2nd
(
Λ2
)
+ a3 Γ3rd
(
Λ2
)
, (106)
where a0, a1, a2, and a3 are parameters which show intersections of invariant subsets of different actions.
All invariant subsets for Γ (Λ2) are given in Appendix B.1 and denoted by fi, where i = 1, · · · , 74. Thus,
Γ (Λ2) can be rewritten as
Γ
(
Λ2
)
=
74∑
i=1
fi. (107)
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In order to explicitly show the intersections of invariant subsets of different actions, we take the
invariant subset No. 29 (see Appendix B.1), f29, as an example,
f29 =
5 (−18g5a2 + 23g7a3)
13824
ǫαβΛklθ4 (DβΦ) ∂l∂k (DαΦ)
(
D2Φ
)
+
−192ga0 − 36g5a2 + 55g7a3
3072
ǫαβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l (DζΦ)
(
D2Φ
)
+
−144ga0 − 45g5a2 + 68g7a3
4608
Λklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+
−864ga0 − 360g5a2 + 523g7a3
27648
Λklθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+
−3456ga0 − 504g5a2 + 851g7a3
55296
ǫαβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
. (108)
The first line means that the combination of BFNC parameter and operator factors,
ǫαβΛklθ4 (DβΦ) ∂l∂k (DαΦ)
(
D2Φ
)
,
comes from both Γ2nd (Λ
2) and Γ3rd (Λ
2), but the two effective actions provide different coefficients
which are −90g
5
13824
and 115g
7
13824
, respectively. The other four lines have the similar meaning, and emerge from
SΛ (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2) because a0, a2, and a3 appear. Moreover, Γ1st (Λ2) has no contribution
to f29 as a1 does not appear. In this way, one can clearly see the ingredients of every invariant subset
provided by SΛ (Λ2), Γ1st (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2).
5.10 Basis of Supersymmetry Invariant Subset
Based on the analysis made to the 74 supersymmetry invariant subsets, we try to construct more
general 1/2 supersymmetry invariant subsets in order to deduce the one-loop renormalizable Wess-
Zumino action on the BFNC superspace. For the sake of concreteness, we take f29 as an example
for proposing our idea. f29 has five different combinations of BFNC parameter and operator factors,
in each combination the coefficients from SΛ (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2) are different. Four terms
corresponding to a0 are from SΛ (Λ2), five terms corresponding to a2 are from Γ2nd (Λ2), and the last
five terms corresponding to a3 are from Γ3rd (Λ
2). We have already known that the three groups of
terms possess the 1/2 supersymmetry invariance because they belong to the invariant subsets of SΛ (Λ2),
Γ2nd (Λ
2), and Γ3rd (Λ
2), respectively. To construct a more general 1/2 supersymmetry invariant subset
than f29, we try to multiply every combination by an arbitrary parameter, then look for the constraints
of the parameters by demanding that the generalization of f29 is 1/2 supersymmetry invariant, and
at last give the generalization that contains arbitrary parameters (other than a0, a2, and a3). In this
way, we introduce the concept of a basis for every 1/2 supersymmetry invariant subset, meaning a
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generalized invariant subset with arbitrary parameters. We describe our proposal in more details below
on how to work out a basis of a 1/2 supersymmetry invariant subset.
We write an invariant subset fi as
fi =
ni∑
j=1
CijLj , (109)
where Cij stands for a coefficient and Lj a combination of BFNC parameter and operator factors,
i = 1, 2, · · · , 74 the total number of invariant subsets, and ni means the number of terms in fi.
Step 1: By introducing three groups of parameters xi,j , yi,j, and zi,j, we construct a basis Ai,
Ai ≡
ni∑
j=1
(
xi,j + yi,jΛ
2 + zi,jσΛΛ
)
Lj . (110)
Step 2: Remove from Ai those terms where the power of Λ is greater than 2 because Lj contains Λ
2
and σΛΛ in its BFNC parameter factors. Then some components of xi,j , yi,j, and zi,j can be eliminated.
We denote the result as A′i.
Step 3: Making the 1/2 supersymmetry transformation for A′i, we obtain
δA′i =
n′i∑
k=1
Gi,k(x, y, z)L
′
k, (111)
where Gi,k(x, y, z) is a linear function of xi,j, yi,j, and zi,j, where j = 1, ..., ni.
Step 4: Let A′i be a 1/2 invariant subset, we have δA
′
i = 0. Because L
′
k’s are independent to each
other, we get
Gi,k(x, y, z) = 0, (112)
which is a set of constraints on parameters xi,j, yi,j, and zi,j .
Step 5: Not all of xi,j , yi,j, and zi,j are independent. We eliminate the dependent parameters from
A′i and then obtain a basis.
As an example, we explain the basis B29 that corresponds to the subset f29 (eq. (108)). By using
the above proposal, we obtain
B29 = (−2x29,3 + 2x29,4) ǫαβΛklθ4 (DβΦ) ∂l∂k (DαΦ)
(
D2Φ
)
+ (−6x29,3 + 4x29,4 + 2x29,5) ǫαβǫζιΛkβΛlιθ4∂k (DαΦ) ∂l (DζΦ)
(
D2Φ
)
+x29,3Λ
klθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+x29,4Λ
klθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+x29,5ǫ
αβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
, (113)
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where x29,3, x29,4, and x29,5 are independent parameters that are related to lines 3, 4, and 5 of f29. The
parameters x29,1 and x29,2 related to lines 1 and 2 of f29 are not independent but determined by the
three independent parameters, i.e., x29,1 = −2x29,3 + 2x29,4 and x29,2 = −6x29,3 + 4x29,4 + 2x29,5.
We observe that in subset f29 the terms that belong to actions SΛ (Λ2), Γ2nd (Λ2), and Γ3rd (Λ2),
respectively, can be obtained by choosing special values for the independent parameters x29,3, x29,4,
and x29,5 in B29 (eq. (113)). We list the corresponding values for SΛ (Λ2), Γ2nd (Λ2), or Γ3rd (Λ2) in the
following three lines, respectively,
x29,3 → − 1
32
, x29,4 → − 1
32
, x29,5 → − 1
16
;
x29,3 → − 5
512
, x29,4 → − 5
384
, x29,5 → − 7
768
;
x29,3 → 17
1152
, x29,4 → 523
27648
, x29,5 → 851
55296
. (114)
This means if we replace the parameters x29,3, x29,4, and x29,5 in B29 by the values of the first line of
eq. (114), we obtain the contribution from SΛ (Λ2) to the subset f29, which is equivalently to set a0 = 1,
a2 = 0, and a3 = 0 in f29 (eq. (108)).
We deal with every subset fi using our proposal, and obtain its corresponding basis Bi, where
i = 1, · · · , 74. That is, there are 74 bases in total that are given in Appendix B.2. By using the bases,
we shall get the desired renormalizable action.
5.11 Renormalizable Action
According to the background field method, we need to calculate the effective action Γ4th (Λ
2) based
on SWZ + SΛ (Λ2) + Γ1st (Λ2) + Γ2nd (Λ2) + Γ3rd (Λ2). From the above discussions we discover that it
is more convenient to use the bases Bi’s rather than the four actions SΛ (Λ2), Γ1st (Λ2), Γ2nd (Λ2), and
Γ3rd (Λ
2). Therefore, we construct S(3) as follows,
S(3) = SWZ +
∫
d8z
(
74∑
i=1
Bi
)
, (115)
whose effective action is just Γ4th (Λ
2). Following the method adopted in subsections 5.6 and 5.7, we
work out Γ4th (Λ
2) and observe3 that it no longer has new terms that do not exist in S(3), i.e., Γ4th (Λ2)
can be absorbed completely by S(3).
3Because Γ4th
(
Λ2
)
takes the similar form to S(3), i.e., its combinations of BFNC parameter and operator factors are
covered by the 74 invariant bases Bi’s and the only difference from S(3) is in its coefficients, so it is not necessary for us
to write it explicitly.
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In the process of calculation, although we do not give the Feynman graphs for each term in the
effective action, we can obtain the information about where the terms of the effective action come
from by calculating the supertrace of matrix. The action S(3) contains parameters xi,j, yi,j, and zi,j .
In the effective action of S(3), the coefficients of each term are functions of the parameters. From
these parameters we can determine where the terms of the effective action come from. On the BFNC
superspace we conclude that this method is more convenient than Feynman rules for making a deformed
action renormalizable.
We note that the divergence of each term in the effective action is obvious because each divergent
term contains the factor 1/ǫ, which can be seen when the momentum integral is evaluated by using the
dimensional regulation and minimal subtraction method. What we want to emphasize in our paper is
how to add new terms to make the deformed model renormalizable.
Now we discuss if the renormalization of parameters is compatible. The bare action is given by [25],
SB = S(3) − Γ1
∣∣∣
dp
, (116)
where Γ1|dp equals to the effective action Γ4th (Λ2) we just mentioned.
The parameters in S(3) include m and g provided by action SWZ (eq. (14)) and xi,j, yi,j, and zi,j
provided by the 1/2 supersymmetry invariant bases (eq. (B.2)).
We at first analyze the renormalization of fields. The following term exists in Γ4th (Λ
2),
g2
4π2ǫ
Φ+Φ, (117)
so the corresponding term in SB is (
1− g
2
4π2ǫ
)
Φ+Φ. (118)
The basic idea of renormalization is to redefine fields and parameters in order to transform action SB
to the form of S(3). We introduce Z for field renormalization,
Z =
(
1− g
2
4π2ǫ
)
, (119)
then according to eqs. (118) and (119) redefine Φ and Φ+ by ZΦ+Φ ≡ Φ+0 Φ0. By this way we have
√
ZΦ+ = Φ0
+,
√
ZΦ = Φ0, (120)
which is just same as the renormalization of fields for the ordinary Wess-Zumino model.
Now we study the renormalization of mass m. Because the following terms are not contained in
Γ4th (Λ
2),
Φ
(
D2

Φ
)
, Φ+
(
D¯2

Φ+
)
, (121)
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the renormalization of m is completely determined by the renormalization of fields. By using eq. (120),
we have
mΦ
(
D2

Φ
)
= m
(
1√
Z
)2
Φ0
(
D2

Φ0
)
. (122)
We just need to define
m
(
1√
Z
)2
≡ m0, (123)
then eq. (122) changes to be
mΦ
(
D2

Φ
)
= m0Φ0
(
D2

Φ0
)
. (124)
Eq. (123) is the renormalization of m.
In light of eq. (120), for mΦ+
(
D¯2

Φ+
)
we have
mΦ+
(
D¯2

Φ+
)
= m
(
1√
Z
)2
Φ0
+
(
D¯2

Φ0
+
)
. (125)
In terms of the renormalization of m in eq. (123), we transform eq. (125) as follows,
mΦ+
(
D¯2

Φ+
)
= m0Φ0
+
(
D¯2

Φ0
+
)
. (126)
Therefore, we conclude that for the following two terms,
mΦ
(
D2

Φ
)
, mΦ+
(
D¯2

Φ+
)
, (127)
the renormalization of m is same. In other words, we can say that the renormalizations of m for these
two terms are compatible.
Next, we investigate the renormalization of interacting parameter g. The following terms are not
contained in Γ4th (Λ
2),
ΦΦ
(
D2

Φ
)
, Φ+Φ+
(
D¯2

Φ+
)
, (128)
so the renormalization of g is completely determined by the renormalization of fields, too. By using
eq. (120), we have
gΦΦ
(
D2

Φ
)
= g
(
1√
Z
)3
Φ0Φ0
(
D2

Φ0
)
. (129)
We just need to define
g
(
1√
Z
)3
≡ g0, (130)
then eq. (129) changes to be
gΦΦ
(
D2

Φ
)
= g0Φ0Φ0
(
D2

Φ0
)
. (131)
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Eq. (130) is the renormalization of g. The treatment is same for gΦ+Φ+
(
D¯2

Φ+
)
. In consequence, we
conclude that for the following two terms,
gΦΦ
(
D2

Φ
)
, gΦ+Φ+
(
D¯2

Φ+
)
, (132)
the renormalization of g is compatible.
At last we discuss the renormalization of parameters xi,j , yi,j, and zi,j that appear in the 1/2
supersymmetry invariant bases. We take B29 (eq. (113)) as an example. The following terms appear in
the effective action Γ4th (Λ
2),
B′29 =
(−2x′29,3 + 2x′29,4) ǫαβΛklθ4 (DβΦ) ∂l∂k (DαΦ) (D2Φ)
+
(−6x′29,3 + 4x′29,4 + 2x′29,5) ǫαβǫζιΛkβΛlιθ4∂k (DαΦ) ∂l (DζΦ) (D2Φ)
+x′29,3Λ
klθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+x′29,4Λ
klθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+x′29,5ǫ
αβΛklθ4∂k (DαΦ) ∂l (DβΦ)
(
D2Φ
)
, (133)
where the coefficients x′29,3, x
′
29,4, and x
′
29,5 are linear functions of xi,j ’s and take the following forms,
x′29,3 =
−g
32π2ǫ
(4x21,23 − x21,26 + 2x21,27) ,
x′29,4 =
−g
96π2ǫ
(2x20,2 + 6x21,19 + 12x21,23 − 3x21,26 + 6x21,27) ,
x′29,5 =
g
48π2ǫ
(2x20,2 + 6x21,19 − 6x21,23 − 3x21,26 − 3x21,27) .
One can see that x′29,3 depends on the parameters x21,23, x21,26, and x21,27 of B21, and x
′
29,4 and x
′
29,5
depend on the parameter x20,2 of B20 and the parameters x21,19, x21,23, x21,26, and x21,27 of B21.
For the third line of eq. (133), the corresponding terms in SB are
x29,3Λ
klθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)− x′29,3Λklθ4Φ∂k (D2Φ) ∂l (D2Φ)
=
(
x29,3 − x′29,3
)
Λklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
=
(
x29,3 − x′29,3
)
Λklθ4
Φ0√
Z
∂k
(
D2
Φ0√
Z
)
∂l
(
D2
Φ0√
Z
)
= x29,3
(
1− x
′
29,3
x29,3
)(
1√
Z
)3
Λklθ4Φ0∂k
(
D2Φ0
)
∂l
(
D2Φ0
)
, (134)
where we do not need to define the renormalization of Λkl. For analyzing renormalization we have to
redefine x29,3 as (x0)29,3 in order to transform eq. (134) into the following form,
(x0)29,3 Λ
klθ4Φ0∂k
(
D2Φ0
)
∂l
(
D2Φ0
)
. (135)
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By using eqs. (134) and (135), we obtain
(x0)29,3 = x29,3
(
1− x
′
29,3
x29,3
)(
1√
Z
)3
. (136)
This is the renormalization of parameter x29,3.
Because both B29 and B
′
29 are 1/2 supersymmetry invariant bases and the numbers of their in-
dependent parameters are same, the renormalization of their parameters is compatible. The similar
discussion can be applied to all of the parameters xi,j , yi,j, and zi,j of the 1/2 supersymmetry invariant
bases. As a result, we prove that the renormalization of all the parameter m, g, xi,j , yi,j, and zi,j is
compatible.4
In consequence, we can conclude that the action S(3) is one-loop renormalizable.
In the following we try to give some mathematical and/or physical meaning of the constitutive terms
in S(3).
Normally there are two approaches for deriving a one-loop renormalizable action.
The first is based on the iteration method. One can calculate an effective action of a deformed
action, and then promote the effective action to consist of 1/2 supersymmetry invariant subsets.
The second is based on the symmetry analysis method, see, for instance, our recent work [23]. One
can take into account NC parameters and D algebraic relations in order to obtain general divergent
operators. In our case, by combining the BFNC parameters with the operators in all possible ways, we
thus deduce all necessary correction terms. By multiplying arbitrary parameters to each term we derive
constraints corresponding to the 1/2 supersymmetry invariance. By solving these constraints, we find
that some parameters must be zero or depend on other parameters. In this way, we can provide all of
the divergent terms in the effective action, and construct the renormalizable action to all order loop
expansion using these terms to a large part of which the one-loop renormalizable action corresponds.
In this paper we adopt the first approach. Because we use the background field method and calculate
the effective action by using the iteration method, this process involves almost all of the combinations of
BFNC parameters and divergent operators. From these combinations we obtain the 1/2 supersymmetry
invariant subsets. As there are many possible combinations for certain BFNC parameters and divergent
operators, the corresponding invariant subsets naturally contain many correction terms.
In the Wess-Zumino model, because of the supersymmetry, if we represent the action in terms of
component fields, the coefficients of different terms are related to each other. For the similar reason,
4We note that in ref. [25] the same parameters are used in different terms of actions. Such a treatment is doubtful
since there no symmetries ensure that the parameters are compatible for renormalization.
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due to the 1/2 supersymmetry, there exist relations between coefficients of different terms in the subsets
Bi.
On the BFNC superspace, if we start form the Wess-Zumino model and replace the ordinary product
by the BFNC star product, in order to construct a renormalizable action, we must include all of the
divergent operators. These terms can be interpreted as the effect of non-locality of the BFNC star
product on the physical model. Because the noncommutativity of superspace modifies the quantum
properties of the model defined on it, only with these new terms can we make the model renormalizable.
6 Conclusion and Outlook
Through analyzing the Wess-Zumino model on the BFNC superspace, we know that the action
obtained by replacing the ordinary product by the star product is not renormalizable in general. To
make it renormalizable one should add to it correction terms. For the NAC superspace, which is a
simpler case, one just needs to add the terms from the primary one-loop effective action, and then
provides the renormalizable action to all orders in perturbation theory [19, 20]. However, for the BFNC
superspace the situation is much more complicated. The iterative process should go up to the third
time. Moreover, the complexity also includes that the obtained renormalizable action has so many
terms that can be classified on the one hand into 74 subsets each of which has the 1/2 supersymmetry
invariance, and on the other hand into 74 bases that correspond to the 74 subsets. In particular, in
light of the invariant bases we construct the one-loop renormalizable action (eq. (115)) up to the second
order of the BFNC parameters Λkα’s.
In this paper we restrict our discussion to the second order approximation of the BFNC parameters.
On the one hand, the renormalization of the model is independent of the orders of the BFNC parameters.
On the other hand, it gives enough information about the renormalization properties of the model to
deal with the second order approximation of the BFNC parameters. We need to calculate the effective
action for three times, and in each time we have to manage hundreds of terms. Although the iteration
method is not easy to be manipulated, we indeed finish the calculation at the second order of the BFNC
parameters.
For a higher order approximation, we can also process by using the iteration method. Of course, the
actual calculation is very complicated. However, in our revet work [23], we construct the all order loop
renormalizable Wess-Zumino model on the BFNC superspace in the second order approximation of the
BFNC parameters. What we have learned can be applied to the analysis of higher order approximations
35
of the BFNC parameters. At the second order approximation of the BFNC parameters, the terms in the
all order loop renormalizable Wess-Zumino model are the most general 1/2 supersymmetry invariant
forms that originate from the combinations of the BFNC parameters and divergent operators. These
forms constitute 1/2 supersymmetry invariant subsets.
From this observation, we provide another method to obtain the all order loop renormalizable Wess-
Zumino model in the second order approximation of the BFNC parameters. We do not need to use the
iteration method to calculate the effective action. We just need to construct the most general divergent
operators and then combine them with all of the possible factors of the BFNC parameters. Next, we
construct 1/2 supersymmetry invariant subsets and the bases. At the end we obtain the all order loop
renormalizable Wess-Zumino model in the second order approximation of the BFNC parameters.
This method can be applied to the higher order approximations of the BFNC parameters, which
can avoid the use of the iteration method. We convert the problem into the construction of all possible
factors of higher order approximations of the BFNC parameters. In fact, they are finite with orders
2, 4, 6, and 8 of the BFNC parameters. Consequently, the analysis at higher order approximations of
the BFNC parameters can be handled in principle. We shall consider the issue in our future work. In
addition, based on the all order loop renormalizable Wess-Zumino model in the second order approx-
imation of the BFNC parameters [23], we shall also extend the corresponding analysis to orders 4, 6,
and 8 of the BFNC parameters Λkα’s.
Moreover, the super Yang-Mills in NAC superspace has been constructed in ref. [26–31], we shall ex-
plore the super Yang-Mills model on the BFNC superspace and search for its renormalizable formulation
by following the way we have utilized for the Wess-Zumino model.
It will help us in understanding the geometric and physical meaning of the correction terms to
consider their bosonic limit and to study the quantum-mechanical reduction of the model. We shall
consider these issues in our future work.
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Appendix
A Algebraic Relations
The following identities of σ algebra are used in our calculations of effective actions.
ǫklmnηkl = 0, θ
αθβθγ = 0,(
σ¯kl
)α˙
α˙ = 0,
(
σkl
)α
α
= 0,
(
σ¯kk
)α˙
β˙
= 0,
(
σkk
)β
α
= 0,
δαα = 2, δkk = 4, η
klηlm = δkm, ǫ
αβǫβγ = δαγ ,
θαθβ =
1
2
ǫαβθ
ζθζ , θ¯γ˙ θ¯κ˙ = −1
2
ǫγ˙κ˙θ¯α˙θ¯
α˙,
σlβγ˙
(
σ¯k
)α˙β
= −δα˙γ˙ηkl + 2
(
σ¯kl
)α˙
γ˙ ,
σk
αβ˙
(
σ¯l
)β˙γ
= −δαγηkl + 2
(
σkl
)γ
α
,
σk
γζ˙
(
σ¯lm
)ζ˙
α˙ =
1
2
ηkmσlγα˙ − 1
2
ηklσmγα˙ − 1
2
iηnoǫ
oklmσnγα˙,
(σ¯m)β˙γ
(
σ¯kl
)α˙
β˙
= −1
2
ηlm
(
σ¯k
)α˙γ
+
1
2
ηkm
(
σ¯l
)α˙γ
+
1
2
iηnoǫ
oklm (σ¯n)α˙γ ,
(σ¯m)α˙β
(
σkl
)γ
β
=
1
2
ηlm
(
σ¯k
)α˙γ − 1
2
ηkm
(
σ¯l
)α˙γ
+
1
2
iηnoǫ
oklm (σ¯n)α˙γ ,
σmβγ˙
(
σkl
)β
α
= −1
2
ηlmσkαγ˙ +
1
2
ηkmσlαγ˙ − 1
2
iηnoǫ
oklmσnαγ˙ ,(
σ¯kl
)α˙
β˙
(σ¯mn)β˙ α˙ =
1
2
iǫklmn +
1
2
ηknηlm − 1
2
ηkmηln,(
σkl
)ζ
α
(σmn)αζ = −
1
2
iǫklmn +
1
2
ηknηlm − 1
2
ηkmηln,
ΛklΛmn∂k∂l∂mX = 0, Λ
klΛmα∂k∂l∂mX = 0,(
σkl
)β
α
∂k∂lX = 0,
(
σkl
)β
α
ΛnαΛoβ∂n∂oX = 0,
ΛkαΛlβ∂k∂lX = −1
2
ǫαβΛkl∂k∂lX,
(
σkl
)β
α
ΛnαΛmβ = −
(
σkl
)β
α
ΛmαΛnβ,
ΛklΛmn∂k∂mX = −1
2
ΛkmΛln∂k∂mX, Λ
klΛmα∂k∂mX = −1
2
ΛkmΛlα∂k∂mX, (A1)
where X stands for a superfield.
Moreover, the following relations of D algebra are also used.(
D¯
β˙
DαΦ
)
= −2iσk
αβ˙
(∂kΦ) ,
(
D¯2DαΦ
)
= 0,(
D¯α˙D
2Φ
)
= −4iǫβζσkζα˙ (∂kDβΦ) ,
(
D¯2D2Φ
)
= 16 (Φ) ,(
DαD¯β˙Φ
+
)
= −2iσk
αβ˙
(
∂kΦ
+
)
,
(
D2D¯α˙Φ
+
)
= 0,(
DαD¯
2Φ+
)
= 4iǫβ˙ζ˙σk
αζ˙
(
∂kD¯β˙Φ
+
)
,
(
D2D¯2Φ+
)
= 16
(
Φ+
)
,
D2D¯2D2 = 16D2, D2D¯2Dα = −4iǫβ˙ζ˙pσαζ˙D2D¯β˙ ,
D¯2D2D¯α˙ = 4iǫ
βζpσζα˙D¯
2Dβ , D¯
2DαD¯β˙ = −2ipσαβ˙D¯2,
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DαD¯
2D2 = 4iǫβ˙ζ˙pσαζ˙D¯β˙D
2, DαD¯β˙D
2 = −2ipσαβ˙D2,
D¯α˙D
2D¯2 = −4iǫβζpσζα˙DβD¯2, D¯α˙DβD¯2 = −2ipσβα˙D¯2,
D2D¯α˙Dβ = −2ipσβα˙D2, D¯2D2D¯2 = 16D¯2,
DαD¯
2Dβ =
1
2
ǫαβD
2D¯2 − 4iǫζ˙ ι˙pσβι˙DαD¯ζ˙ ,
D¯α˙D
2D¯
β˙
= −1
2
ǫ
α˙β˙
D2D¯2 − 4iǫζιpσια˙DζD¯β˙ ,
DαD¯β˙Dζ = −2ipσζβ˙Dα −
1
2
ǫαζD
2D¯
β˙
,
D¯α˙DβD¯ζ˙ =
1
2
ǫ
α˙ζ˙
D¯2Dβ − 2ipσβζ˙D¯α˙, (A2)
where the identities for pΛ and pσ read
pΛαpΛβ =
1
2
ǫαβpΛ
2, ǫαβǫγ˙δ˙pσβδ˙ = pσ
γ˙α,
ǫαβǫγ˙δ˙pσ
δ˙β = pσαγ˙ , ǫα˙β˙pσ
β˙ιpσα˙ζ = ǫζι,
ǫζιpσ
β˙ιpσα˙ζ = ǫα˙β˙, ǫαζpσαβ˙pσζι˙ = ǫβ˙ι˙,
ǫβ˙ι˙pσαβ˙pσζι˙ = ǫαζ, pσβγ˙pσ
α˙β = −δα˙γ˙,
pσα˙βpσβγ˙ = −δα˙γ˙. (A3)
B Effective Actions
B.1 Supersymmetry Invariant Subsets
We list the 74 subsets fi’s below, each of them is invariant under the 1/2 supersymmetry transfor-
mation.
f1 =
1
512
g4m4
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
+
1
512
g4m4
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4Φ
(
D2Φ
)
,
f2 =
1
256
g5m3
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
)
+
1
512
g5m3
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4ΦΦ
(
D2Φ
)
,
f3 =
3
256
g5m3
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+
+
3
256
g5m3
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4Φ
(
D2Φ
)
Φ+,
f4 =
3
128
g6m2
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
)
Φ+
+
3
256
g6m2
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4ΦΦ
(
D2Φ
)
Φ+,
f5 =
3
128
g6m2
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+Φ+
+
3
128
g6m2
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4Φ
(
D2Φ
)
Φ+Φ+,
f6 =
3
64
g7m
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
)
Φ+Φ+
+
3
128
g7m
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4ΦΦ
(
D2Φ
)
Φ+Φ+,
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f7 =
1
64
g7m
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+Φ+Φ+
+
1
64
g7m
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4Φ
(
D2Φ
)
Φ+Φ+Φ+,
f8 =
1
32
g8
(
3Λ2 + 2σΛΛ
) (
10a2 − 71g
2a3
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
)
Φ+Φ+Φ+
+
1
64
g8
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4ΦΦ
(
D2Φ
)
Φ+Φ+Φ+,
f9 =
1
512
g5m2
(
3Λ2 + 2σΛΛ
) (
2a2 − 15g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
) (
D2Φ
)
+
1
512
g5m2
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4Φ
(
D2Φ
) (
D2Φ
)
,
f10 =
1
256
g6m
(
3Λ2 + 2σΛΛ
) (
2a2 − 15g
2a3
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
) (
D2Φ
)
+
1
512
g6m
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4ΦΦ
(
D2Φ
) (
D2Φ
)
,
f11 =
1
256
g6m
(
3Λ2 + 2σΛΛ
) (
2a2 − 15g
2a3
)
ǫαβθ4 (DαΦ)
(
DβΦ
) (
D2Φ
)
Φ+
+
1
256
g6m
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4Φ
(
D2Φ
) (
D2Φ
)
Φ+,
f12 =
1
128
g7
(
3Λ2 + 2σΛΛ
) (
2a2 − 15g
2a3
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
) (
D2Φ
)
Φ+
+
1
256
g7
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4ΦΦ
(
D2Φ
) (
D2Φ
)
Φ+,
f13 =
1
64
ig5m2
(
3Λ2 − 2σΛΛ
) (
a2 − 4g
2a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
∂kΦ
+
(
D¯α˙Φ
+
)
+
1
32
g5m2
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ηklθ4Φ∂kΦ
+∂lΦ
+
+
1
512
g5m2
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ǫα˙β˙θ4
(
D2Φ
) (
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
f14 =
1
16
ig6m
(
3Λ2 − 2σΛΛ
) (
a2 − 4g
2a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+∂kΦ
+
(
D¯α˙Φ
+
)
+
1
8
g6m
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ηklθ4ΦΦ+∂kΦ
+∂lΦ
+
+
1
128
g6m
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ǫα˙β˙θ4
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
f15 =
1
16
ig7
(
3Λ2 − 2σΛΛ
) (
a2 − 4g
2a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+Φ+∂kΦ
+
(
D¯α˙Φ
+
)
+
1
8
g7
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ηklθ4ΦΦ+Φ+∂kΦ
+∂lΦ
+
+
1
128
g7
(
3Λ2 − 2σΛΛ
) (
−a2 + 4g
2a3
)
ǫα˙β˙θ4
(
D2Φ
)
Φ+Φ+
(
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
f16 =
g4m2
(
−4a2 + 23g2a3
)
2304
(
ησΛΛk
)l
θ4Φ∂k∂l
(
D2Φ
)
+
g4m2
(
−4a2 + 23g2a3
)
2304
ǫαβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ) ,
f17 =
1
288
g5ma2ǫ
αβ
(
ησΛk
)ζ
Λlβθ
4 (DαΦ) ∂k∂l
(
DζΦ
)
Φ+
−
1
36
g5ma2ǫ
αβ
(
ησΛk
)ζ
Λlβθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+
ig5m
(
−4a2 + 23g2a3
)
9216
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4
(
DβΦ
)
∂n
(
D2Φ
) (
D¯α˙Φ
+
)
−
ig5m
(
−4a2 + 23g2a3
)
9216
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4∂n
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
−
ig5m
(
−4a2 + 23g2a3
)
4608
ǫαβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+
g5m
(
28a2 + 23g2a3
)
1152
Λklηln (σ
no)αβ θ4∂k (DαΦ) ∂o
(
DβΦ
)
Φ+
+
g5m
(
−124a2 + 129g2a3
)
4608
ǫαβΛklθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+
1
288
g3m
(
9a1 − 6g
2a2 + 17g
4a3
)
Λklθ4∂lΦ∂k
(
D2Φ
)
Φ+
+
1
288
g3m
(
27a1 − 37g
2a2 + 69g
4a3
)
Λklθ4∂k∂lΦ
(
D2Φ
)
Φ+
−
ig3m
(
36a1 − 52g2a2 + 83g4a3
)
4608
Λklηln (σ¯
n)α˙β θ4
(
DβΦ
)
∂k
(
D2Φ
) (
D¯α˙Φ
+
)
39
+
ig3m
(
36a1 − 52g2a2 + 83g4a3
)
4608
Λklηln (σ¯
n)α˙β θ4∂k
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+
1
576
g3m
(
36a1 − 40g
2a2 + 87g
4a3
) (
ησΛΛk
)l
θ4∂k∂lΦ
(
D2Φ
)
Φ+
−
1
288
g3m
(
36a1 − 57g
2a2 + 106g
4a3
)
ǫαβηkl
(
σΛln
)oζ
Λkβθ
4 (DαΦ) ∂n∂o
(
DζΦ
)
Φ+
−
1
576
g3m
(
72a1 − 92g
2a2 + 189g
4a3
)
ǫαβηkl
(
σΛln
)oζ
Λkβθ
4∂n (DαΦ) ∂o
(
DζΦ
)
Φ+
+
1
576
g3m
(
72a1 − 96g
2a2 + 193g
4a3
) (
ησΛΛk
)l
θ4Φ∂k∂l
(
D2Φ
)
Φ+
+
g3m
(
72a1 − 96g2a2 + 193g4a3
)
1152
Λklθ4Φ∂l∂k
(
D2Φ
)
Φ+
+
1
288
g3m
(
72a1 − 96g
2a2 + 193g
4a3
)
ǫαβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ)Φ
+,
+
g3m
(
144a1 − 156g2a2 + 325g4a3
)
2304
(
ησΛΛk
)l
θ4∂lΦ∂k
(
D2Φ
)
Φ+
+
ig3m
(
144a1 − 220g2a2 + 401g4a3
)
9216
ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4
(
DβΦ
)
∂n
(
D2Φ
) (
D¯α˙Φ
+
)
−
ig3m
(
144a1 − 220g2a2 + 401g4a3
)
9216
ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4∂n
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+
g3m
(
144a1 − 220g2a2 + 401g4a3
)
2304
ǫαβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+
g3m
(
180a1 − 244g2a2 + 469g4a3
)
1152
ǫαβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ)Φ
+
+
g3m
(
288a1 − 372g2a2 + 703g4a3
)
2304
(
ησΛΛk
)l
θ4∂kΦ∂l
(
D2Φ
)
Φ+
+
g3m
(
288a1 − 372g2a2 + 703g4a3
)
1152
ǫαβ
(
ησΛΛk
)l
θ4∂k
(
DβΦ
)
∂l (DαΦ)Φ
+
+
1
2304
(
4g5ma2 − 23g
7ma3
)
ǫαβηkl
(
ησΛl
)ζ
Λkβθ
4 (DαΦ)
(
DζΦ
)
Φ+
+
1
576
(
6g5ma2 − 23g
7ma3
)
Λklηln (σ
no)αβ θ4 (DαΦ) ∂k∂o
(
DβΦ
)
Φ+
+
g3m
(
288Λ2a1 − 16g2
(
22Λ2 − 7σΛΛ
)
a2 + 3g4
(
407Λ2 − 122σΛΛ
)
a3
)
9216
θ4Φ
(
D2Φ
)
Φ+
+
g3m
(
48Λ2a1 − 8g2
(
15Λ2 + 2σΛΛ
)
a2 + 3g4
(
127Λ2 + 18σΛΛ
)
a3
)
49152
θ4
(
D2Φ
) (
D2Φ
) (
D¯2Φ+
)
+
g5m
(
148Λ2a2 + g2
(
−689Λ2 + 252σΛΛ
)
a3
)
4608
(
σkl
)αβ
θ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+
g3m
(
72Λ2a1 + g2
((
−51Λ2 + 30σΛΛ
)
a2 + g2
(
133Λ2 − 40σΛΛ
)
a3
))
2304
θ4Φ
(
D2Φ
)
Φ+
+
g3m
(
576Λ2a1 + g2
((
−636Λ2 + 72σΛΛ
)
a2 + g2
(
1565Λ2 + 106σΛΛ
)
a3
))
9216
ηklθ4∂lΦ∂k
(
D2Φ
)
Φ+
+
ig3m
(
288Λ2a1 + g2
(
−4
(
217Λ2 + 26σΛΛ
)
a2 + g2
(
2975Λ2 + 118σΛΛ
)
a3
))
36864
(
σ¯k
)α˙β
θ4∂k
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+
g3m
(
−288Λ2a1 + g2
(
−84
(
Λ2 + 2σΛΛ
)
a2 + g2
(
721Λ2 + 218σΛΛ
)
a3
))
9216
ηklǫαβθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+
ig3m
(
288Λ2a1 + g2
(
−44
(
13Λ2 + 2σΛΛ
)
a2 + g2
(
1597Λ2 + 530σΛΛ
)
a3
))
36864
(
σ¯k
)α˙β
θ4
(
DβΦ
)
∂k
(
D2Φ
) (
D¯α˙Φ
+
)
+
g3m
(
288Λ2a1 + g2
(
4
(
41Λ2 + 84σΛΛ
)
a2 − g2
(
533Λ2 + 896σΛΛ
)
a3
))
9216
ǫαβθ4
(
DβΦ
)
 (DαΦ)Φ
+,
f18 =
g2m2
(
144a1 − 220g2a2 + 401g4a3
)
4608
Λklθ4Φ∂l∂k
(
D2Φ
)
+
g2m2
(
144a1 − 220g2a2 + 401g4a3
)
4608
ǫαβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ) ,
f19 =
1
576
(
−72g4a1 + 116g
6a2 − 235g
8a3
)
ǫαβ
(
ησΛΛk
)l
θ4 (DαΦ)
(
DβΦ
)
Φ+∂k∂lΦ
+
+
1
576
(
72g4a1 − 116g
6a2 + 235g
8a3
) (
ησΛΛk
)l
θ4Φ
(
D2Φ
)
Φ+∂k∂lΦ
+,
f20 =
−72g4a1 + 116g6a2 − 235g8a3
1152
ǫαβΛklθ4 (DαΦ)
(
DβΦ
)
Φ+∂k∂lΦ
+
+
72g4a1 − 116g6a2 + 235g8a3
1152
Λklθ4Φ
(
D2Φ
)
Φ+∂k∂lΦ
+,
40
f21 =
g6a2
288
ǫαβ
(
ησΛk
)ζ
Λlβθ
4 (DαΦ) ∂k∂l
(
DζΦ
)
Φ+Φ+
−
1
36
g6a2ǫ
αβ
(
ησΛk
)ζ
Λlβθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+Φ+
−
1
768
ig6
(
3Λ2 + 2σΛΛ
) (
−5a2 + 18g
2a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
) (
D2Φ
)
Φ+∂k
(
D¯α˙Φ
+
)
+
1
576
(
−72g4a1 + 92g
6a2 − 189g
8a3
)
ǫαβηkl
(
σΛln
)oζ
Λkβθ
4∂n (DαΦ) ∂o
(
DζΦ
)
Φ+Φ+
+
−36g4a1 + 92g6a2 − 167g8a3
1152
Λklθ4∂lΦ∂k
(
D2Φ
)
Φ+Φ+
+
76g6a2 − 145g8a3
2304
(
ησΛΛk
)l
θ4∂lΦ∂k
(
D2Φ
)
Φ+Φ+
+
1
288
(
−36g4a1 + 57g
6a2 − 106g
8a3
)
ǫαβηkl
(
σΛln
)oζ
Λkβθ
4 (DαΦ) ∂n∂o
(
DζΦ
)
Φ+Φ+
+
36g6a2 − 61g8a3
1152
(
ησΛΛk
)l
θ4∂k∂lΦ
(
D2Φ
)
Φ+Φ+
+
4g6a2 − 23g8a3
2304
ǫαβηkl
(
ησΛl
)ζ
Λkβθ
4 (DαΦ)
(
DζΦ
)
Φ+Φ+
+
1
576
(
6g6a2 − 23g
8a3
)
Λklηln (σ
no)αβ θ4 (DαΦ) ∂k∂o
(
DβΦ
)
Φ+Φ+
+
(
3g4a1
32
−
g6a2
9
+
13g8a3
64
)
ǫαβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ)Φ
+Φ+
+
i
(
−4g6a2 + 23g8a3
)
4608
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4
(
DβΦ
)
∂n
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
−
i
(
−4g6a2 + 23g8a3
)
4608
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4∂n
(
DβΦ
) (
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
−
i
(
−4g6a2 + 23g8a3
)
4608
ǫαβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+Φ+
+
28g6a2 + 23g8a3
1152
Λklηln (σ
no)αβ θ4∂k (DαΦ) ∂o
(
DβΦ
)
Φ+Φ+
−
i
(
36g4a1 − 52g6a2 + 83g8a3
)
2304
Λklηln (σ¯
n)α˙β θ4
(
DβΦ
)
∂k
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
+
i
(
36g4a1 − 52g6a2 + 83g8a3
)
2304
Λklηln (σ¯
n)α˙β θ4∂k
(
DβΦ
) (
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
+
72g4a1 − 76g6a2 + 151g8a3
1152
(
ησΛΛk
)l
θ4Φ∂k∂l
(
D2Φ
)
Φ+Φ+
+
72g4a1 − 76g6a2 + 151g8a3
2304
Λklθ4Φ∂l∂k
(
D2Φ
)
Φ+Φ+
+
1
576
(
72g4a1 − 76g
6a2 + 151g
8a3
)
ǫαβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ)Φ
+Φ+
+
144g4a1 − 140g6a2 + 233g8a3
2304
(
ησΛΛk
)l
θ4∂kΦ∂l
(
D2Φ
)
Φ+Φ+
+
144g4a1 − 140g6a2 + 233g8a3
1152
ǫαβ
(
ησΛΛk
)l
θ4∂k
(
DβΦ
)
∂l (DαΦ)Φ
+Φ+
+
144g4a1 − 180g6a2 + 317g8a3
2304
Λklθ4∂k∂lΦ
(
D2Φ
)
Φ+Φ+
+
i
(
144g4a1 − 220g6a2 + 401g8a3
)
4608
ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4
(
DβΦ
)
∂n
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
−
i
(
144g4a1 − 220g6a2 + 401g8a3
)
4608
ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4∂n
(
DβΦ
) (
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
+
144g4a1 − 220g6a2 + 401g8a3
2304
ǫαβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+Φ+
+
288g4a1 − 588g6a2 + 1069g8a3
4608
ǫαβΛklθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+Φ+
+
g6
((
−68Λ2 + 152σΛΛ
)
a2 + g2
(
521Λ2 − 542σΛΛ
)
a3
)
9216
ηklǫαβθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+Φ+
+
g4
(
144Λ2a1 − 36g2
(
5Λ2 − 2σΛΛ
)
a2 + g4
(
673Λ2 − 418σΛΛ
)
a3
)
9216
θ4Φ
(
D2Φ
)
Φ+Φ+
+
g4
(
16Λ2a1 − 4g2
(
5Λ2 − 2σΛΛ
)
a2 + 5g4
(
11Λ2 − 6σΛΛ
)
a3
)
8192
ǫα˙β˙θ4
(
D2Φ
) (
D2Φ
) (
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
+
g4
(
48Λ2a1 − 8g2
(
15Λ2 + 2σΛΛ
)
a2 + 3g4
(
127Λ2 + 18σΛΛ
)
a3
)
24576
θ4
(
D2Φ
) (
D2Φ
)
Φ+
(
D¯2Φ+
)
41
+
g4
(
−36Λ2a1 − 2g2
(
Λ2 + 20σΛΛ
)
a2 + 5g4
(
5Λ2 + 19σΛΛ
)
a3
)
1152
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+Φ+
+
g6
(
4
(
37Λ2 + 4σΛΛ
)
a2 − g2
(
333Λ2 + 136σΛΛ
)
a3
)
9216
ǫαβθ4
(
DβΦ
)
 (DαΦ)Φ
+Φ+
+
148g6Λ2a2 + g8
(
−689Λ2 + 252σΛΛ
)
a3
4608
(
σkl
)αβ
θ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+Φ+
+
i
(
288g4Λ2a1 + g6
((
−508Λ2 + 136σΛΛ
)
a2 + g2
(
1679Λ2 − 746σΛΛ
)
a3
))
18432
(
σ¯k
)α˙β
θ4∂k
(
DβΦ
) (
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
+
i
(
288g4Λ2a1 + g6
(
−4
(
53Λ2 − 38σΛΛ
)
a2 + g2
(
301Λ2 − 334σΛΛ
)
a3
))
18432
(
σ¯k
)α˙β
θ4
(
DβΦ
)
∂k
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
)
+
288g4Λ2a1 + g6
(
−4
(
73Λ2 + 2σΛΛ
)
a2 + g2
(
469Λ2 + 2σΛΛ
)
a3
)
9216
ηklθ4∂lΦ∂k
(
D2Φ
)
Φ+Φ+
+
36g4Λ2a1 + g6
((
−43Λ2 + 10σΛΛ
)
a2 + g2
(
137Λ2 + 13σΛΛ
)
a3
)
1152
θ4Φ
(
D2Φ
)
Φ+Φ+
+
36g4Λ2a1 − g6
(
4
(
2Λ2 − 5σΛΛ
)
a2 + g2
(
4Λ2 + 53σΛΛ
)
a3
)
2304
θ4Φ
(
D2Φ
)
Φ+Φ+,
f22 =
g4m2
(
20
(
Λ2 + 2σΛΛ
)
a2 + g2
(
47Λ2 − 158σΛΛ
)
a3
)
9216
θ4Φ
(
D2Φ
)
+
g4m2
(
20
(
Λ2 + 2σΛΛ
)
a2 + g2
(
47Λ2 − 158σΛΛ
)
a3
)
9216
ǫαβθ4
(
DβΦ
)
 (DαΦ) ,
f23 =
1
768
ig4m3
(
12Λ2a2 − g
2
(
69Λ2 + 14σΛΛ
)
a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
∂k
(
D¯α˙Φ
+
)
+
1
384
g4m3
(
−12Λ2a2 + g
2
(
69Λ2 + 14σΛΛ
)
a3
)
θ4ΦΦ+
+
g4m3
(
−12Λ2a2 + g2
(
69Λ2 + 14σΛΛ
)
a3
)
6144
θ4
(
D2Φ
) (
D¯2Φ+
)
,
f24 =
1
128
ig5m2
(
12Λ2a2 − g
2
(
69Λ2 + 14σΛΛ
)
a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+∂k
(
D¯α˙Φ
+
)
+
1
64
g5m2
(
−12Λ2a2 + g
2
(
69Λ2 + 14σΛΛ
)
a3
)
θ4ΦΦ+Φ+
+
g5m2
(
−12Λ2a2 + g2
(
69Λ2 + 14σΛΛ
)
a3
)
1024
θ4
(
D2Φ
)
Φ+
(
D¯2Φ+
)
,
f25 =
1
64
ig6m
(
12Λ2a2 − g
2
(
69Λ2 + 14σΛΛ
)
a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+Φ+∂k
(
D¯α˙Φ
+
)
+
1
32
g6m
(
−12Λ2a2 + g
2
(
69Λ2 + 14σΛΛ
)
a3
)
θ4ΦΦ+Φ+Φ+
+
1
512
g6m
(
−12Λ2a2 + g
2
(
69Λ2 + 14σΛΛ
)
a3
)
θ4
(
D2Φ
)
Φ+Φ+
(
D¯2Φ+
)
,
f26 =
1
96
ig7
(
12Λ2a2 − g
2
(
69Λ2 + 14σΛΛ
)
a3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+Φ+Φ+∂k
(
D¯α˙Φ
+
)
+
1
768
g7
(
−12Λ2a2 + g
2
(
69Λ2 + 14σΛΛ
)
a3
)
θ4
(
D2Φ
)
Φ+Φ+Φ+
(
D¯2Φ+
)
+
(
−
1
4
g7Λ2a2 +
1
48
g9
(
69Λ2 + 14σΛΛ
)
a3
)
θ4ΦΦ+Φ+Φ+Φ+,
f27 =
g5
(
−72
(
4Λ2 − σΛΛ
)
a2 + g2
(
287Λ2 − 398σΛΛ
)
a3
)
110592
θ4Φ
(
D2Φ
)

(
D2Φ
)
+
g5
(
−72Λ2a2 + g2
(
107Λ2 − 74σΛΛ
)
a3
)
36864
ηklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
−
g5
(
36
(
Λ2 − σΛΛ
)
a2 + g2
(
17Λ2 + 88σΛΛ
)
a3
)
27648
ǫαβθ4
(
DβΦ
)
 (DαΦ)
(
D2Φ
)
+
g5
(
−72
(
Λ2 + 2σΛΛ
)
a2 + g2
(
389Λ2 + 130σΛΛ
)
a3
)
110592
ηklǫαβθ4∂k (DαΦ) ∂l
(
DβΦ
) (
D2Φ
)
,
f28 =
9g5a2 − 13g7a3
2304
(
ησΛΛk
)l
θ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
−
3
256
(
−2g5a2 + 3g
7a3
)
ǫαβηkl
(
σΛln
)oζ
Λkβθ
4∂n (DαΦ) ∂o
(
DζΦ
) (
D2Φ
)
+
5
(
−18g5a2 + 23g7a3
)
6912
ǫαβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ)
(
D2Φ
)
+
−36g5a2 + 37g7a3
13824
(
ησΛΛk
)l
θ4Φ
(
D2Φ
)
∂k∂l
(
D2Φ
)
+
−396g5a2 + 551g7a3
13824
ǫαβ
(
ησΛΛk
)l
θ4∂k
(
DβΦ
)
∂l (DαΦ)
(
D2Φ
)
,
f29 =
5
(
−18g5a2 + 23g7a3
)
13824
ǫαβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ)
(
D2Φ
)
42
+
−192ga0 − 36g5a2 + 55g7a3
3072
ǫαβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
) (
D2Φ
)
+
−144ga0 − 45g5a2 + 68g7a3
4608
Λklθ4Φ∂k
(
D2Φ
)
∂l
(
D2Φ
)
+
−864ga0 − 360g5a2 + 523g7a3
27648
Λklθ4Φ
(
D2Φ
)
∂l∂k
(
D2Φ
)
+
−3456ga0 − 504g5a2 + 851g7a3
55296
ǫαβΛklθ4∂k (DαΦ) ∂l
(
DβΦ
) (
D2Φ
)
,
f30 =
g3m5
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g2a3
)
2048
θ4
(
D2Φ
)
,
f31 = −
ga0
3
(
σΛΛkl
)no
θ4Φ+∂k∂nΦ
+∂l∂oΦ
+,
f32 = −
37g7Λ2a3
6144
(
σkl
)αβ
θ4∂k (DαΦ) ∂l
(
DβΦ
) (
D2Φ
)
,
f33 =
7g7a3
54
ηkl (ησΛΛn)o θ4Φ+∂l∂nΦ
+∂k∂oΦ
+,
f34 =
1
192
g8ma3
(
ησΛΛk
)l
θ4Φ+Φ+∂kΦ
+∂lΦ
+,
f35 =
1
576
g8ma3
(
ησΛΛk
)l
θ4Φ+Φ+Φ+∂k∂lΦ
+,
f36 =
g7a3
1536
Λklηln (σ
no)αβ θ4∂k (DαΦ) ∂o
(
DβΦ
) (
D2Φ
)
,
f37 = −
ig7a3
6144
ǫαβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
) (
D2Φ
)
,
f38 =
g4m3
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g2a3
)
2048
θ4
(
D2Φ
) (
D2Φ
)
,
f39 =
1
128
g4m3
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4Φ+Φ+,
f40 =
g5m2
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g2a3
)
1024
θ4
(
D2Φ
) (
D2Φ
)
Φ+,
f41 =
1
64
g5m2
(
3Λ2 + 2σΛΛ
) (
−2a2 + 15g
2a3
)
θ4Φ+Φ+Φ+,
f42 =
5g4m
(
−18a2 + 23g2a3
)
27648
(
ησΛΛk
)l
θ4
(
D2Φ
)
∂k∂l
(
D2Φ
)
,
f43 =
5g4m
(
−18a2 + 23g2a3
)
1728
(
ησΛΛk
)l
θ4Φ+∂k∂lΦ
+,
f44 =
5g4m
(
−18a2 + 23g2a3
)
55296
Λklθ4
(
D2Φ
)
∂l∂k
(
D2Φ
)
,
f45 =
5g4m
(
−18a2 + 23g2a3
)
3456
Λklθ4Φ+∂k∂lΦ
+,
f46 =
g5Λ2
(
9a2 + 32g2a3
)
1728
ηklηnoθ4Φ+∂k∂nΦ
+∂l∂oΦ
+,
f47 =
1
96
g6m
(
−21a2 + 47g
2a3
)
Λklθ4Φ+Φ+∂kΦ
+∂lΦ
+,
f48 =
1
288
g6m
(
−21a2 + 47g
2a3
)
Λklθ4Φ+Φ+Φ+∂k∂lΦ
+,
f49 =
3g4m4
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g2a3
)
1024
θ4
(
D2Φ
)
Φ+,
f50 =
3
512
g5m3
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4
(
D2Φ
)
Φ+Φ+,
f51 =
1
256
g6m2
(
3Λ2 + 2σΛΛ
) (
−10a2 + 71g
2a3
)
θ4
(
D2Φ
)
Φ+Φ+Φ+,
f52 =
1
864
g5
(
−54a2 + 143g
2a3
) (
ησΛΛk
)l
θ4Φ+Φ+∂k∂lΦ
+,
f53 =
g3m
(
72a1 − 76g2a2 + 151g4a3
)
1152
(
ησΛΛk
)l
θ4
(
D2Φ
)
∂kΦ
+∂lΦ
+,
f54 =
g3m
(
72a1 − 76g2a2 + 151g4a3
)
2304
Λklθ4
(
D2Φ
)
∂kΦ
+∂lΦ
+,
f55 =
g2m2
(
72a1 − 96g2a2 + 193g4a3
)
1152
(
ησΛΛk
)l
θ4
(
D2Φ
)
∂k∂lΦ
+,
f56 =
g2m2
(
72a1 − 96g2a2 + 193g4a3
)
2304
Λklθ4
(
D2Φ
)
∂k∂lΦ
+,
f57 =
1
576
g3m
(
72a1 − 96g
2a2 + 193g
4a3
) (
ησΛΛk
)l
θ4
(
D2Φ
)
Φ+∂k∂lΦ
+,
43
f58 =
g3m
(
72a1 − 96g2a2 + 193g4a3
)
1152
Λklθ4
(
D2Φ
)
Φ+∂k∂lΦ
+,
f59 =
1
192
(
−2g2a1 + g
6a3
) (
ησΛΛk
)l
θ4
(
D2Φ
)
∂k∂lΦ
+,
f60 =
1
384
(
−2g2a1 + g
6a3
)
Λklθ4
(
D2Φ
)
∂k∂lΦ
+,
f61 =
1
432
(
−9g5a2 − 35g
7a3
) (
ησΛΛk
)l
θ4Φ+Φ+∂k∂lΦ
+,
f62 =
(
ga0
6
+
g5a2
96
−
2g7a3
27
)
ηklΛnoθ4Φ+∂k∂nΦ
+∂l∂oΦ
+,
f63 =
(
−
7
384
g5a2 +
55g7a3
864
)
Λklθ4Φ+Φ+∂k∂lΦ
+,
f64 =
−288ga0 − 45g5a2 + 23g7a3
1728
Λklθ4Φ+Φ+∂k∂lΦ
+,
f65 =
g5
(
−45Λ2a2 + g2
(
29Λ2 − 60σΛΛ
)
a3
)
3456
θ4Φ+Φ+Φ+,
f66 =
1
384
g6m
(
2
(
53Λ2 − 12σΛΛ
)
a2 + g
2
(
68Λ2 − 37σΛΛ
)
a3
)
ηklθ4Φ+Φ+∂kΦ
+∂lΦ
+,
f67 = −
g2
(
4Λ2a1 + g4
(
Λ2 + 2σΛΛ
)
a3
)
1536
θ4
(
D2Φ
)
Φ+,
f68 = −
g5
(
9
(
Λ2 − 4σΛΛ
)
a2 + 2g2
(
55Λ2 + 14σΛΛ
)
a3
)
6912
θ4Φ+Φ+Φ+,
f69 =
g6m
((
34Λ2 − 72σΛΛ
)
a2 + 19g2
(
32Λ2 + 17σΛΛ
)
a3
)
1152
θ4Φ+Φ+Φ+Φ+,
f70 =
g3m
(
4
(
9Λ2a1 + g2
(
−2Λ2 + 5σΛΛ
)
a2
)
− g4
(
4Λ2 + 53σΛΛ
)
a3
)
2304
ηklθ4
(
D2Φ
)
∂kΦ
+∂lΦ
+,
f71 = −
g4m
(
36
(
Λ2 − σΛΛ
)
a2 + g2
(
17Λ2 + 88σΛΛ
)
a3
)
110592
θ4
(
D2Φ
)

(
D2Φ
)
,
f72 = −
g4m
(
36
(
Λ2 − σΛΛ
)
a2 + g2
(
17Λ2 + 88σΛΛ
)
a3
)
6912
θ4Φ+Φ+,
f73 =
g2m2
(
72Λ2a1 + g2
((
−51Λ2 + 30σΛΛ
)
a2 + g2
(
133Λ2 − 40σΛΛ
)
a3
))
4608
θ4
(
D2Φ
)
Φ+,
f74 =
g3m
(
72Λ2a1 + g2
((
−51Λ2 + 30σΛΛ
)
a2 + g2
(
133Λ2 − 40σΛΛ
)
a3
))
2304
θ4
(
D2Φ
)
Φ+Φ+. (B1)
B.2 Bases
We list the 74 bases Bi’s below, each of them is invariant under the 1/2 supersymmetry transfor-
mation.
B1 =
(
−Λ2y1,2 − σΛΛz1,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
+
(
Λ2y1,2 + σΛΛz1,2
)
θ4Φ
(
D2Φ
)
,
B2 =
(
−2Λ2y2,2 − 2σΛΛz2,2
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
)
+
(
Λ2y2,2 + σΛΛz2,2
)
θ4ΦΦ
(
D2Φ
)
,
B3 =
(
−Λ2y3,2 − σΛΛz3,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+
+
(
Λ2y3,2 + σΛΛz3,2
)
θ4Φ
(
D2Φ
)
Φ+,
B4 =
(
−2Λ2y4,2 − 2σΛΛz4,2
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
)
Φ+
+
(
Λ2y4,2 + σΛΛz4,2
)
θ4ΦΦ
(
D2Φ
)
Φ+,
B5 =
(
−Λ2y5,2 − σΛΛz5,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+Φ+
+
(
Λ2y5,2 + σΛΛz5,2
)
θ4Φ
(
D2Φ
)
Φ+Φ+,
B6 =
(
−2Λ2y6,2 − 2σΛΛz6,2
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
)
Φ+Φ+
+
(
Λ2y6,2 + σΛΛz6,2
)
θ4ΦΦ
(
D2Φ
)
Φ+Φ+,
44
B7 =
(
−Λ2y7,2 − σΛΛz7,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
)
Φ+Φ+Φ+
+
(
Λ2y7,2 + σΛΛz7,2
)
θ4Φ
(
D2Φ
)
Φ+Φ+Φ+,
B8 =
(
−2Λ2y8,2 − 2σΛΛz8,2
)
ǫαβθ4Φ(DαΦ)
(
DβΦ
)
Φ+Φ+Φ+
+
(
Λ2y8,2 + σΛΛz8,2
)
θ4ΦΦ
(
D2Φ
)
Φ+Φ+Φ+,
B9 =
(
−Λ2y9,2 − σΛΛz9,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
) (
D2Φ
)
+
(
Λ2y9,2 + σΛΛz9,2
)
θ4Φ
(
D2Φ
) (
D2Φ
)
,
B10 =
(
−2Λ2y10,2 − 2σΛΛz10,2
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
) (
D2Φ
)
+
(
Λ2y10,2 + σΛΛz10,2
)
θ4ΦΦ
(
D2Φ
) (
D2Φ
)
,
B11 =
(
−Λ2y11,2 − σΛΛz11,2
)
ǫαβθ4 (DαΦ)
(
DβΦ
) (
D2Φ
)
Φ+
+
(
Λ2y11,2 + σΛΛz11,2
)
θ4Φ
(
D2Φ
) (
D2Φ
)
Φ+,
B12 =
(
−2Λ2y12,2 − 2σΛΛz12,2
)
ǫαβθ4Φ (DαΦ)
(
DβΦ
) (
D2Φ
)
Φ+
+
(
Λ2y12,2 + σΛΛz12,2
)
θ4ΦΦ
(
D2Φ
) (
D2Φ
)
Φ+,
B13 =
(
−8iΛ2y13,3 − 8iσΛΛz13,3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
∂kΦ
+
(
D¯α˙Φ
+
)
+
(
16Λ2y13,3 + 16σΛΛz13,3
)
ηklθ4Φ∂kΦ
+∂lΦ
+
+
(
Λ2y13,3 + σΛΛz13,3
)
ǫα˙β˙θ4
(
D2Φ
) (
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
B14 =
(
−8iΛ2y14,3 − 8iσΛΛz14,3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+∂kΦ
+
(
D¯α˙Φ
+
)
+
(
16Λ2y14,3 + 16σΛΛz14,3
)
ηklθ4ΦΦ+∂kΦ
+∂lΦ
+
+
(
Λ2y14,3 + σΛΛz14,3
)
ǫα˙β˙θ4
(
D2Φ
)
Φ+
(
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
B15 =
(
−8iΛ2y15,3 − 8iσΛΛz15,3
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
Φ+Φ+∂kΦ
+
(
D¯α˙Φ
+
)
+
(
16Λ2y15,3 + 16σΛΛz15,3
)
ηklθ4ΦΦ+Φ+∂kΦ
+∂lΦ
+
+
(
Λ2y15,3 + σΛΛz15,3
)
ǫα˙β˙θ4
(
D2Φ
)
Φ+Φ+
(
D¯α˙Φ
+
) (
D¯
β˙
Φ+
)
,
B16 = x16,2
(
ησΛΛk
)l
θ4Φ∂k∂l
(
D2Φ
)
+x16,2ǫ
αβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ) ,
B17 = (4x17,16 + x17,21 − 2x17,22 + x17,26 + 4z17,30 + 8iz17,34 − 2z17,35) ǫ
αβ
(
ησΛk
)ζ
Λlβθ
4 (DαΦ) ∂k∂l
(
DζΦ
)
Φ+
+(x17,14 + 2x17,21 − 8z17,30 − 16iz17,34 + 4z17,35) ǫ
αβ
(
ησΛk
)ζ
Λlβθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+
(
iz17,30 − 2z17,34 −
1
2
iz17,35
)
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4
(
DβΦ
)
∂n
(
D2Φ
) (
D¯α˙Φ
+
)
+
(
−iz17,30 + 2z17,34 +
1
2
iz17,35
)
ηkl
(
σ¯l
)α˙β
(ησΛΛn)k θ4∂n
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+(−2iz17,30 + 4z17,34 + iz17,35) ǫ
αβǫζιǫklnoηnpηoqΛ
p
βΛ
q
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+(−x17,14 + 4x17,16 − x17,21 − 2x17,22 + 4z17,30 + 8iz17,34 − 2z17,35) Λ
klηln (σ
no)αβ θ4∂k (DαΦ) ∂o
(
DβΦ
)
Φ+
+
(
−x17,8 +
x17,21
2
)
ǫαβΛklθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+x17,8Λ
klθ4∂lΦ∂k
(
D2Φ
)
Φ+
+(−x17,16 + x17,22) Λ
klθ4∂k∂lΦ
(
D2Φ
)
Φ+
+
(
1
2
ix17,16 −
1
4
ix17,22
)
Λklηln (σ¯
n)α˙β θ4
(
DβΦ
)
∂k
(
D2Φ
) (
D¯α˙Φ
+
)
+
(
−
1
2
ix17,16 +
1
4
ix17,22
)
Λklηln (σ¯
n)α˙β θ4∂k
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+
(x17,17
2
− x17,21 − 4z17,30 − 8iz17,34 + 2z17,35
)(
ησΛΛk
)l
θ4∂k∂lΦ
(
D2Φ
)
Φ+
+(4x17,16 − x17,21 − 2x17,22 + x17,26 − 4z17,30 − 8iz17,34 + 2z17,35) ǫ
αβηkl
(
σΛln
)oζ
Λkβθ
4 (DαΦ) ∂n∂o
(
DζΦ
)
Φ+
+x17,14ǫ
αβηkl
(
σΛln
)oζ
Λkβθ
4∂n (DαΦ) ∂o
(
DζΦ
)
Φ+
+
1
2
x17,17
(
ησΛΛk
)l
θ4Φ∂k∂l
(
D2Φ
)
Φ+
45
+x17,16Λ
klθ4Φ∂l∂k
(
D2Φ
)
Φ+
+x17,17ǫ
αβ
(
ησΛΛk
)l
θ4
(
DβΦ
)
∂k∂l (DαΦ)Φ
+
+
(
−x17,21 +
x17,24
2
+ 4z17,30 + 8iz17,34 − 2z17,35
)(
ησΛΛk
)l
θ4∂lΦ∂k
(
D2Φ
)
Φ+
+
1
4
(ix17,21) ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4
(
DβΦ
)
∂n
(
D2Φ
) (
D¯α˙Φ
+
)
+
1
4
(−ix17,21) ηkl
(
σ¯l
)α˙β (
ησΛΛk
)n
θ4∂n
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+x17,21ǫ
αβǫζιΛkβΛ
l
ιθ
4∂k (DαΦ) ∂l
(
DζΦ
)
Φ+
+x17,22ǫ
αβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ)Φ
+
+
1
2
x17,24
(
ησΛΛk
)l
θ4∂kΦ∂l
(
D2Φ
)
Φ+
+x17,24ǫ
αβ
(
ησΛΛk
)l
θ4∂k
(
DβΦ
)
∂l (DαΦ)Φ
+
+(−4z17,30 − 8iz17,34 + 2z17,35) ǫ
αβηkl
(
ησΛl
)ζ
Λkβθ
4 (DαΦ)
(
DζΦ
)
Φ+
+x17,26Λ
klηln (σ
no)αβ θ4 (DαΦ) ∂k∂o
(
DβΦ
)
Φ+
+
(
Λ2
(
−2iy17,32 +
y17,35
2
)
+ σΛΛ (z17,30 − 2iz17,32 + 2iz17,34)
)
θ4Φ
(
D2Φ
)
Φ+
+
(
Λ2
(
−
1
16
iy17,32 −
1
16
iy17,34
)
+ σΛΛ
(
−
1
16
iz17,32 −
1
16
iz17,34
))
θ4
(
D2Φ
) (
D2Φ
) (
D¯2Φ+
)
+
(
Λ2 (4iy17,32 − 4iy17,34) + σΛΛ (4z17,30 + 4iz17,32 + 4iz17,34 − 2z17,35)
) (
σkl
)αβ
θ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+
(
Λ2
(
−2iy17,34 +
y17,35
2
)
+ σΛΛz17,30
)
θ4Φ
(
D2Φ
)
Φ+
+
(
Λ2 (−2iy17,32 − y17,33 − 2iy17,34) + σΛΛ (−2iz17,32 − z17,33 − 2iz17,34)
)
ηklθ4∂lΦ∂k
(
D2Φ
)
Φ+
+
(
Λ2y17,32 + σΛΛz17,32
) (
σ¯k
)α˙β
θ4∂k
(
DβΦ
) (
D2Φ
) (
D¯α˙Φ
+
)
+
(
Λ2y17,33 + σΛΛz17,33
)
ηklǫαβθ4∂k (DαΦ) ∂l
(
DβΦ
)
Φ+
+
(
Λ2y17,34 + σΛΛz17,34
) (
σ¯k
)α˙β
θ4
(
DβΦ
)
∂k
(
D2Φ
) (
D¯α˙Φ
+
)
+
(
Λ2y17,35 + σΛΛz17,35
)
ǫαβθ4
(
DβΦ
)
 (DαΦ)Φ
+,
B18 = x18,2Λ
klθ4Φ∂l∂k
(
D2Φ
)
+x18,2ǫ
αβΛklθ4
(
DβΦ
)
∂l∂k (DαΦ) ,
B19 = −x19,2ǫ
αβ
(
ησΛΛk
)l
θ4 (DαΦ)
(
DβΦ
)
Φ+∂k∂lΦ
+
+x19,2
(
ησΛΛk
)l
θ4Φ
(
D2Φ
)
Φ+∂k∂lΦ
+,
B20 = −x20,2ǫ
αβΛklθ4 (DαΦ)
(
DβΦ
)
Φ+∂k∂lΦ
+
+x20,2Λ
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